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CONTACT INTEGRABLE EXTENSIONS OF SYMMETRY
PSEUDO-GROUP AND COVERINGS FOR THE R-th DOUBLE
MODIFIED DISPERSIONLESS KADOMTSEV-PETVIASHVILI EQUATION!

O.1. MOROZOV, M.V. PAVLOV
We find contact integrable extensions and coverings for the r-th double modified dispersionless Kadomtsev-
Petviashvili law equation. One of the coverings provides a Bécklund auto-transformation and a recursion operator for the
equation under the study.
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We consider the r-th double modified dispersionless Kadomtsev-Petviashvili law equation
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with « € {—2,—3/2,—1}. This equation arises from the differential covering [5, 6, 7],
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uy = —(UEt + wu,
over the r-th modified dispersionless Kadomtsev-Petviashvili law equation [1], written in the form
1 2
Wyy = Wy + (E (k+ 1) w2+ Wy) Wyx + K Wy Wyy, 3)

with r =k (k + 1)71, see [2, 4, 14, 12]. Namely, excluding w from (2) yields Eq. (1).

We apply the method of contact integrable extensions [11], to find differential coverings of
Eq. (1). The method starts from computing Maurer-Cartan law forms and structure equations for the
symmetry pseudo-group by the methods described in [13, 3, 9, 10]. The structure equations are given
in Appendix. These equations are not involutive. Their involutive completion includes equations for
differentials of forms 74, ..., n,. The completion may be obtained by the normal prolongation [16, 13,
15], of system (23). Those equations are too big to be written in full here.

The Maurer-Cartan law forms 8, ... , 8,3, &%, £2, &3 are

Oy = Utz (du — up dt — uy dx — uy, dy),

0 = uz? 73 (duy — uge dt — Ugy dx — upy dy) — (K + 2) (uyuz™ > —1) 05+ ((k + 1)
(e + 2) (uyur™ 2 = 2+ 3)7Y) = wuy #73)) 0, + (ueur >3 + ( + 1)% (i + 2)
(uyuy® % — 2k +5)(2x +3)™H) 6,

0y = Uzt (duy — Ugy At — Uy dX — Uy, dY),

03 = uz* 2 (duy — Uy dt —uy, dx — Edy) — (uyuz;* 3 —k—1)6,

—(uy uy™ 3 + (K + 1)%) 6,
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011 = Uyzux " (dug — Uger A — Uppy dX — Uppyy dy) — 2 (0 + 2) (Uyuz 2 — 1) 653
—Quuz® 3 = (k+ 2)((k + 2) Wu 2 — (2 + 3) uyuy 2

+(2k2 4+ 9%k +8)(2k +3)™ 1)) 01, + A119 00 + A111 01 + A112 0, + Aj13 05
—(uEu ™8 4 (e + 12 (k + 2)% (uyuy 2 — (2 + 3)™H)?

+2 (K + D (e +2) (2K + 3) T ur?73) 055 — 2 (0 + 2) ((uyuy ™2 — Duguy 273
—(k+ D+ 2)(upur ™ + 2 (k + 2)(2k + 3) 3 uy % — 26— 3)) 0,3,

017 = Uyz Uy 272 (dUpy — Upey AL — Upsy AX — Upyyy dY) — (Uyu 2 — 1) O3

+((r + D + 2)(uyuy? — 2k + 3)‘1) —Uuz3) (6,5, + 03) — 6,
(utxxuxxux 2l 42 utxux;%u;ZK Z - (K + 2) (uxyux1 ((e + Z)uyuxZK 34 Kuy™™ 1)

—(k+2) Wuy = (k+1) uyu;"‘z) + k (k + 1))) 6,,

613 = Uguz > 73 (dugy — Uy At — Ugyy dx — D (E) dy) — (2 + 3) (u,uz" "2 — 1) 0y,
—(uyuy® % + (i + 1)) 6; — ((uyuz> S—(k+DuHu —(k+ 1) (upuy2*
—(x+2)(2K + 3)71((2K* + 5K + A uyuy % — Kk — 1)) O + A130 09 + A132 0,

+A133 05 — (upur 73 = (k4 2) (upur > — (2 + 3) uyuy 2

+2 (k+ D(k+ 2)(2k + 3)™1)) 6,5,

022 = Uy (AUyy = Upyy At — Uyyy AX — Uy AY) — 2 05 — U Uyrr Uiy O,

K—

023 = Uy 1uxx (duxy Utxy dt — Uyxy dx — ]Dx(E) dy) — (uyu;’c_z —k—1)0;; —

1
+ > (K Uy Ur Uzt = (K + D) uyu; 2 —k (K + 1)) 6,
_(uxxyu;zg ux uxyuxx uxK 1 + Uy Uy 2 + (K + 1) )90'
g — uxxu2K+1 dt
&% = uurtdx + (weur 3 4 (0 + 2) (Wiu 2t —uwpup? + 2 (e + D22k + 3) 7)) €
+(uyuf 2 —Kk—1)&3,

53 = Uy Uy dy + (K + 2) (uy Uy ? — 1) El' 4)

where E is the right-hand side of Eq. (1), D,, D, are restrictions of the total derivatives on Eg. (1), and
Ai10, A111, Aq12, Aq13, A130, A132, Aq33 are functions of derivatives of u of the first and the second

orders. These functions are too long to write them in full. The coefficients of the structure equations
depend on the invariants

Uy = (k + 2) (wyur™? —uguguzr®t + k + 1),
— —2,,—2Kk-1 —2,,—K -K—2 —2,,—2K-2 —2K-3
U2 = Upyx Uyx Uy - (K + 2) Usexy Usex Uy (uyux - 1) -2 Uy Upex Uy +2 UtUy

(Zuyux" 2 _ (e + 1) (x + 2)) Uy + 2 (¢ + 1) (i + 2) uyuz™2
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UnexxUipr (Uelc 7% = (16 + 2)uyuy F(uyu*™? — 1) — 2 (k + 1)?

(k+2)2k+3) )+ 2+ D(k+2)2k* +k—2)(2k + 3)71,

Uz = Uy Ug U — UnxUscr Uy (U U2+ (0 + DP) + 2 (1 +2)71 Uy

—(k+ 1D(K*+ Kk +2),

Uy=((k+1) (kU; — (k+2) (Us — (k+ 1) (Usrex Ug2Uy + K% + 5K + 2))),

Us = % (G + 2) U™ (ellty = Usy) + Upethg U™ (e + 3) Uy = (e + 2) (™™
+(x+ D+ 3) + (e + 3 uyu 2 = 1) Uf — (k + 2)((k + 3) uyu 2

+2K + 1) Uy — (e + D7 uuy 273 (e(c + 1) " uyuy 2 4+ 2% + 56 + 4)

+(x + 1) (rujuy ™t — 2k + 3)71((2x* 4+ 913 + 7K? — 13k — 18) uyu; 2

—2 (2K* + 45K3 + 42K* 4+ 53k + 25)))) Uy + (ueug 273 ((c + 1) ruyuy % = 1)
—(k + 2)(upuy ™ — (2 + 3)71((2K2 + 5k + Huyuy* —k — 1)) Us

+((k + 2) P ueu 3 (e + D uyury 2 + 1) + upu 2t

—22K* + 7T+ 1) 2Kk + 3) uyu 2 + (2k* + 8k + 7)(2k + 3)"H U,
+uur 273 (e + 6) uyu 2 + (k + 1) (4x* + 9k + 6))

+(x + 1)%(c + 2)(Br + 2) uyug 2% — (2K + 3) 71 (4(k* + 3K + 3)uyuy? + 8i?
+36K? + 57k + 30))).

We find contact integrable extensions [11], of the form

3 7 3
dw = ZAi6i+z *Bijeij+chns+ZDj§f+Ea Aw
i=0 s=1 =
3 3
+z(z Fy 0 + G; a) N 5)
=1 \k=0

where Y, * denotes summation over all i,j € Nsuchthat1 <i <j <3 and (i,j) # (3,3). We consid-
er two types of such extensions. The first type consists of extensions whose coefficients in right-hard
side of (5) depend on the invariants Uy, ..., Us. The coefficients of extensions of the second type de-
pend on Uy, ..., Us and on one additional function W with the differential of the form

3 7 3
dW=ZHl-9i+Z *Iijaij+Z]sns+Zl<j§f+L0w+L1a. (6)
i=0 s=1 j=1

We require Egs. (23) and (5) or Egs. (23), (5), and (6) to be compatible. This condition gives
two contact integrable extensions of the first type
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dw; =(k+2)? (0 —(k+1)0y) —0; — (k +2)83) ANEL + oy AE?

+((k+2) (a1 —(k+1)0y) —O3)AE3+ (a; + 0, + 055 + (kK + 1) (k Uy
—(k+2)U3)—Us— (k+ D+ 2)(k2+ 6K+ 4))(c+ 1) %(k +2)72 0,
+(k+D((k+ DU, + (k+2)Us —k(k* + 3k +3) Uy — k(i + 1) (k + 2))

+U) (k+ D)2+ (k+ D(K2 Uy + (k +2)U3) —k Uy

—k(k+2)Br+2)(k+ D)+ 1D 2(k+2) 1) Awy @)

and

dw, = (k+D*(k+2)20; =0, + (k+ D(k+2)03) AL+ a, AE?

+((k+ D)(k+2)0, —0)AE3+ (a, + 0, + 0,5 + (kK + 1) (kU; — (K +2) Us)
—U,—(k+ D+ 2)(K*+6K+4)(k+ 1) 2(k+2)720,

Uy — (k+ D(k+2)U) EH + (k(k + 1) Uy — U,y

—(k+ 1?2k +2)Br+2)(k+ D)Lk +2)72E3) A w,, (8)

or one contact integrable extension of the second type

dos=((W+k+2)2a5—(W+k+2) 03+ (k+ Dk +2)0)) —0) AE + az A &2
+(W+k+2)as—(k+1D(k+2)0—03)AE+ (a5 + 0, + 0,5 + ((k + D (k Uy
—(k+2)U3)— Uy — (k+ D+ 2) (k2 + 6K+ ) (c + 1) 2(c + 2)72 6,

—(((k+ DU — (k+2)U3) — Uy — (k+ D) (k + 2) (k% + 6K + 4)) W?

+k+2)(k+ D) (k—DU; =2k +2)(Us+ (k+ D(c?+5+3)—2U D)W
+(k+2)?*((k+ D(k(k?> +3c+3)U; — (k+ 1D U, — (k+ 2) (U — k2 (k + 1))

U+ D) 2(k+2) 2 = ((k+ D(kU; — (1 +2) (U3 + (k + D (k% + 6K + 4)))
U@+ 1) 72+ 2)728%) A ws, 9)

AW = —(k+ D)W (a3 + 0, +0,)+ZE2+ W +k+2)Z+ (k+ 1) W)E3
+W+k+2)(W+Kk+2)Z+(k+ DWW — (k+2)"1U; + 3k + 4)) &?

+(Z— (kU — (k+2) (Us + (k + D2(k + 6))

—(k+ DU +2)TW) w, (20)

with a parameter Z.

The inverse third fundamental Lie theorem in Cartan’s form [16, §26; 15, p. 394], ensures
existence of forms w,, w,, w3 satisfying Eqgs. (7), (8), and (9). Since the forms (4) are known
explicitly, it is not hard to find the forms w;. We have the following solutions to Egs. (7), (8), and (9),
respectively:
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u U k+1
W, = uxx;x (dq - (u—x +(k+2) (uyu§ + T3 uﬁ"”)) q, dt — q, dx

u
- (—y + u?“) 0z dy), (11)
ux

u u
w, = —= (dr - (—t —(k+D(x+2) (uyu§§ u,zc"”)) 1, dt — 1, dx

UyTy Uy 2Kk +3

_ (Z— — 4+ 1) uK+1) r, dy), (12)

X

and

u (k + 2)?
w3 = uxx:x <ds - <—2K — SEF3 — (k + 2) (ux + u,’ﬁ*l) sk+2

K+ 1)(k+2
( ZK)-(l- 3 )u,zc’”z) sx) dt — s, dx

Ut
+(—+ (k + 2) uyu, +
ux
Uy
+ (s,’f” ( + u§+1) sx) dy) (13)
ux

with W = sktiy -1,
The forms (11), (12), (13) are equal to zero if and only if the following overdetermined systems
of PDEs are satisfied:

( u Kk+1
t
— | 2 u ”K ”2K+2>
th (ux (e )( YTX T 2k+3 7" T

(14)
u
|9 = (u—y + u§+1) G
X
( Ut 1 2Kk+2
Ty = u——(K+1)(K+2) (uyux—mux ) Ty,
(15)
Uy,
Lry = (— —(k+1 u"“) Ty,
ux
( Kk + 2)?
S; = —(ZK n ; S2K¥3 — (kK + 2) (u + u§+1> sk+2
X
u (k+1D)(c+2)
{ (_t 2) yk 2K+2> 16
+ ux+(K+ ) uxu, + k13 us Sx» (16)
u
Sy = —skt2 4 (u—i + uf“) Sy

These systems are compatible whenever u is a solution to Eg. (1), so these systems define dif-
ferential coverings over (1).
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Expressing u; and u,, from (14) and cross-differentiating yields
a5 q q
Qyy = Qtx t ((K +1) _)21 - _) Qxx — K = Qxy- (17)
qdx dx qx

Previously Eq. (17) and the Backlund transformation (14) were found in [12] by means of an-
other method.
From Egs. (15) we have

( T T, (k+2)2k+1)

|, =L (_y K+1 21c+2)

4 U (”fx +(k+D(k+2) v ux’t + K13 uy Uy,
u

T,
L y = (r—y+ (k+1) u§+1) Uy.
X

(18)

The compatibility condition for this system is
(ue)y — (Uy)e = —(c + 1) (k + 2) uf 22 (G e =k (6 + 2) Ut (1 1y — 1 rxy)) =0, (19)

where

T Ty
G=1yy — T — | (K+ 1) S —— | Ty T K Ty
rx rx rx

When k = 0, system (18) is compatible whenever G = 0, that is, whenever r is a solution to
Eq. (17). When k # 0, Eq. (19) entails uX*! = H with

H=—k"1(k+2)2G6n (1ryry —Thy)
Substituting this into (18) gives a system of PDEs with the compatibility condition

k(2K +3)12 H —k (k + 2) 1 (2(c + 2) 2k + 1) 1 H + (2K + 3)13) H,,

+r ((k+ D +2)*2r + 1) 2 H* 4+ 2(k + 2)(2k + 1) ey H

—(2k + 3) (11 — (k + 2) 1)) Hy — (k + 1) ((2K% + 56 + 1) 136G

+r (2K + 3) (1 Tex — TeTx)) H — (2 + 3) 13, G = 0. (20)

Thus Egs. (15) define a Bécklund transformation from Eq. (1) to the third order equation
(20) for r.

Finally, excluding u from (16) shows that s is a solution to the same equation (1). So, (16)
defines a Backlund auto-transformation for Eq. (1).

The Bécklund auto-transformation (16) allows one to find a recursion operator for symmetries
of Eqg. (1), see [8]. Charactersitics of (local contact) symmetries are solutions to the linearization

=5 _%_
D () ” D¢ ()

X

——+ KUuRUy, + —— Uy

(k+Duj u (K +1)? S0
u2 Uy Y 2Kk+3

D% (¢) = DD, (¢) + <
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Y e+1) §F Yy ;
—K ( + uy ) D, D, (@) + (2 k+1D—=+ Kug) D, (¢)
ux ux

2 3
U uy B 2(k+1)
' ((r 20 1) bl ™y + = e

+K ((K + 1) uf — %) uxy) D, (@)

X

of Eq. (1). Then the linearization

K+2

—> Hj)y(go) + ((K + Z)ZS,f(KH) (k + 2)? (u + u§+1> skl

X X

D) = (k + 2) <ux5x

U K+1 2(x+1)) = Sx = U =
- ) (usu, + ——— D 22 D,(p) —— 5, D
Tt (ke +2) (ux Uy t o T3l W) + ” t(@) 2 5 (@)

u 2 (k+ 1)? _
+(x+2) ((—y — Ce+ Duf) st + <K iyt + ) u)) 5 D),
x

By (4) = (= G+ 2) S5+ Ba) + 1 By (9) — (13— e+ D) 5 Do)

X

(21)

(22)

of system (16) maps solutions ¢ of (21) to its solutions i, and vice versa. Thus (22) is a recursion op-
erator for symmetries of (1). It is easy to verify by direct computation, that each local contact sym-
metry of Eq. (1) has a lift to a symmetry of system (16). So the covering defined by system (16) does
not contain non-removable parameters [8]. Therefore Eq. (1) provides an example of PDE that pos-

sesses a recursion operator which corresponds to a covering without non-removable parameters.

APPENDIX
The structure equations of the symmetry pseudo-group of Eq. (1) read

Ay = (O + Uy — (k + D2 (U; =2 (k + 1)) E = U+ (k+ Dk +2) Uz — k (k + D Uy

+(x+ D%k +2) 2k +3) (k+ 1) T (k+2) TEAO+ELANO, +E2 N0, + (k+ 1)%(k + 2)

(K2 +6Kk+4)(k+ 1) 2(c+2)282 - Uy —x(k+ 1)U, +E3 N0,
do; = (k+ 1D 20+ (k+ D +2)20, — (k+2)03)AOg+EL AN, +E3 N0
+(k+D(k+2)0,A0; —2(k+1) (0, —2U; —2(k+ 1)+ 2)) EL +&2)

+(2k+3)U; —(k+D)(k+2)Brk+4))(k+2) TENANO, +E2A (U3 0y + Uy 65 + 045),

1
dae, =90/\922+((K+1)(U1—2(K+1)(K+2))fl+§ U1$3>/\92

+ELAB, +E2NO,, + E3AB,y,,

do; =(k+1) (03— (k+D(k+2)0,+ (k+ D+ 2)((k+3)U; — (k +2) (Uy +2) EH)

+U352+(U2+U4)53—(K+1)(K+2)922)/\90+((K+1)93+%U1$2)/\92

+(k+1)R2 WU, —2(k+1)(k+2)) (fl + (k + 2)_1 53) — fz) ANB; + EL NG,
+E2 N B3 + &3 N6y,
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dO11 =M AEP+mE3 + s AE + (AU, — (K + 1) (k= 2) Uy — k(k + 1)*(c* — 4)
+Rk+ DU, — (k+1D?(k+2) (U —2(k+ (i + 2)) (0, + (i + D (k + 2) 83)
+(k2 =D+ 2)05+ (k+ D RQUs + 3 (k + 2) Uy) — U, U,
—k+1D?*(k+2)Brk—2)(k+3) U —2(k+ D+ 2))NE*+ ((k+ D (k U,
—(k+2)Us+ (k+ D)+ 2)(Br? + 66+ 4)) — Uy (k+ 1) 2(k + 2)726,1) A,
+(k+1D)AU;+(k+D(k+2)(11k+14))0, — (k+1D)RU; — (k+ D) (k + 2)) 05
—R2k+1) 0, +4(k+1D)(c+2)03 — (AU, — (k+ 1)(2K2+3Kk—4) U,

+R2k+ DUy, +4k(c+ 12+ 2) — 2+ 3)(k + 2) 1 UE) &2
—-2C2xk+3)(k+2) U+ Brk+2)(k+ 1) (U, — (k+3)(k+ 1D U,y

+2(k+2)(k+ DD ENAO + (k+2)(kc+ 12 (U, —2(k+ 1) (k+2)) 65
+(4Kk+5)0;; —(k+1)(k+2)0;3) N0, + ((k+2)0,3 — (2Us

+(k+ DU =2k +2)(Up+ (k+ D+ DU +2(c + D20+ 2)))) E2) A 6,
(0 — (k+D(k+DU; — Uy, — 14k +2) (k + D) EL = ((k + D(x Uy
—(k+2)(U3— B2+ 6K+ (k+ 1)) —U)(k+ 1) 2(k+2)2 &2
+@BWU;—(k+D(k+2))+(k+ D) Y +2)TU)E A,

+((k+ DU —2(k+D(k+2)) 01, —2U, 6;3) AE?

dB1, =M AE N A (B +82) + 17 AE3 + ((Up — (rc+ 4) (i + 2) (e + 1)) 622

+(k+1)((k+2)0,3) + (U, +% (k+1D)(K?+2k+2)U; + k(c+ 1)?(kc + 2)) 6,
+((k+ 1) (kU — (c+2) (U3 —k?(k+ 1) = U)(k+ 1) 2(k+2)726,,) A6,
+((2K+3)912—(K+1)(K+2)923—%Ul(K+2)03—U5€3+(% Uz —(k+ 1)U,
U, —k(k+2)(k+ 1D ENNO, + (k+2) (05 — (k+1)0,,) NG

—(O — (k+ D(k+5)U; — Uy, —6(k+2)(k+ 1)) E + ((k + 1) (k Uy
—(k+2)(Us —k?(k+ 1) = U)(c+ 2)2(kc + 1)72 &2 —% (Bk+8)(k+ 1)U,
12U, —4(k+2)(k + D)+ D71+ 2)"1EH A6y,

+2(k+ DU =2+ 2)(c+ 1)) (B2 AE? + 0,5 AE3) — Uy O3 N E?

dOi3 =m NS+ AL+ ANE2 + (k4 1)% (K + 2)2 0,3 — Uz 6, — (k + 1) (k + 2) 04,
—% kK+DE+2)(k+DH(k+1DHU; —4U,+ (k+2)(k+1))) 0,

(k> -1DU,+U, — U, —2(k+2)Rek+ Dk + D> O3+ (k + 1) (kU

+(0,5 — (k + 1) (K + 2) 055 + (U + Uy) &3 +% (U; —2(k+ 2)(k + 1)) 6,

+U3EHNO; + (B +4) 03— (k+ D(k +2)6,, — Us &2 —% (k+1)(Bx+4) U,
—4(k+1)(k+2)03)N0, + (01, + (k+ 1D)(c+2) 0,3 + ((k+ 1)(2 U12

+(k+2) (K2 =k —4) U, — Uy, —2k(k + D (k + 2))) — 2(k + 2)U,) (k + 2)71 &2
+(k+ D +2)Ge+2)(k+ D(k+3)U; — Uy — 2(k + 2) (K + 1)2)

—4(k + DUs)(k +2)71E3) A B, +; U &2 N1y — (B2 — (K + D((k + 7) Uy

—10(k +2)(k + 1)) — Uy) E* + ((k + 1) (kU; — (k + 2)(U3 — (2% + 3k + 2) (i + 1))
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U+ D) Mk +2)TENAO 3+ (k+ DUy — 2(k + 1) (k + 2)) G5 A E2
—(k+2)(Us— 2Kk?*+ 3+ 2)(k+ 1)) = U)(k+ 1) 2(k + 2)726,3) A 6,
U+ 1) 2(k+2)282— (B +5)(k+ DU, —2(k + 2)(2K + 3)(k + 1)?
dOy, =a AE + M5 A (Bp +E2) + M ANEP — (U — (K + 1) (1 Uy + (i + 2) Us
+(k+ D(k+2) (k2 + 6K +4)))(k+ 1) 2(k+2)720,, A0y + &2)
+((k+D2U + 2+ 4) —Uy) & — ((k + D(k Uy + (k + D(x + 2)(3k + 2))
—U (e + 1) (e +2)71E3) A by,

1
d923=774/\€3+776/\(90+52)+777/\51+E(U1922+(KU4_(K+1)(K2U1

2k +2)Us+k(k+2)Br+2)(k + D) (k+ 1) Y +2)720, — 2 (k(x + DU}
+((k+2)Us+Us+ (k+2)(k? =3k — 2)(k + D Uy + k(xc + 1) (i + 2) (U,
+(k+2)U3))(c+2)283 -2y — (k+ DUy + (k+2) Uy

+(k+ D (k+2)(Br + 2)))(kc + 1) 2(k + 2)72 6,5) A G, +% (6 (K + 2) 053

—8(k+1D(k+2)0,, —2(kU, — (k+ 1)(k*>U; —2(k + 2) Ug
+r(k+ D+ 2)Br+2)((k+ D7 (e +2)7 12 + (kU2 — (1 + 2) (20 + 1) (?
+4Kk +2) Uy + 2(k + 4 Uy + 4UD)) (k + 2) L EN A O, + (k(k + DU, + (k + 2)Us

—U,— (k+2)Brk+2)(k+ D))k +2)" 103 A3 + (0,5 —% Ui €2 =2k + 1)U,

—2(k + D)k +2)) E3) A Oy + (((k + 3) (i + DUy — Uy — 2(k + 2)( + 1)?) &L
+(Uy— (k+ DU+ (k+2)Us + (c+ 2)Bre + 2)(k + 1)) (e + 1) 72 (kc + 2)72 &2

+% B+ D(k+2)U; +2U, —2(k + D3k +2)) (e + 1)1+ 2) 1 E3) A Oy

dél = (0, + 2k +3)0, — (k+ D((k+3)U; —2(c+2)) +Uy) ((k+ D(xc +2))"1&3
+((c+ 1) (k Uy — (i +2) (Us — k(1 + 1)) = Uy) (( + D (e + 2))7% (6 + E2)) A ED,
dé?2 =0, —(k+D(k+2)0; — (k+ D3k +2)20)AEL+ (6, + 05, + (Uy —x(c+ 1) U,
—(k+1D?*(k+2)Br+2))(k+ D Yk +2)7183 — Uy + (k + 1) (i + 2) Ug
—k(k+ DU (k+ D2+ 2) (k2 + 6K+ 4)(k+ 1) %(kc+2)720,
+(U,— (k+ D+ 2)UDEHNAE2+ (03 — (k+ D (c+2)65) AE3
dé3 = ((k+2)(k+1)(kBy—20,) +03)+ (k(k+ D U; — Uy, — 2 (k + 1)?(k + 2)) &3
UL EHYNE + (O + (K +2)0, — (U + (k+ D(c+2)U; — k(K + 1) Uy
+(k+ D%k +2)Br +2))(k + 1) 2(k +2)72) (6 + E2)) A &3
(23)
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KOHTAKTHbBIE UHTEI'PUPYEMBIE PACIIUPEHUA
I'PYIIbI ICEBJOCUMMETPUN U HAKPBITHUS R-ro
JABAKIbI MOANP®ULTIUPOBAHHOI'O
BE3/IUCITEPCHMOHHOI'OYPABHEHUSA KAJIOMIIEBA - IIETBUAIIBUJIN

Mopo3zos O.U., [1aBiaos M.B.

HaiineHsl KOHTaKTHBIE HHTETPUPYEMBIE PACIIMPEHUS IPYIIIBI IICEBIOCUMMETPUN U HAKPBITHA I-TOTO JBAXKIBI MO-
JuduIrpoBaHHOTO Oe3ancnepcuonHoro ypasHerua Kamommesa — [ersuaniBmin. OfHO U3 HAKPHITUH MIPUBOAMT K IPeoO-
pasoBaHuto bakiyHna u oneparopy peKypcuu IJisl UCCIIelyeMbIX YPaBHEHHUI.
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