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ON SYMMETRY REDUCTIONS AND INVARIANT SOLUTIONS
OF THE k — e TURBULENCE MODEL

N.G. KHOR’KOVA

Methods of theoretical group analysis of differential equations are applied to the k — ¢ turbulence model. Sym-
metry reductions of the k — ¢ turbulence model with respect to some three-dimensional symmetry subalgebras are consid-
ered. Families of exact solutions are obtained.
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INTRODUCTION

The comprehension of turbulence is of fundamental interest from various aspects of human ac-
tivities [1-6]. Although the turbulence problem has still remain an unsolved problem of classical phys-
ics, there exist various approaches to turbulence modeling. The k — & and other two-equation models
are most widely used for engineering applications in spite of these models have several serious limita-
tions [7, 8].

All two-equation models include the Navier-Stokes equations, which in principle can be inte-
grated numerically [9]. However in many cases the computational efforts became enormous (see, for
example, [5]), so numerical methods are viable for restricted class of problems.

Theoretical group analysis (symmetry methods) is a well known methodology to derive exact
solutions of nonlinear differential equations. However, it is desirable to employ symmetry approach
more systematically for development, improvement or calibration of turbulence models [10-13].

In this paper methods of theoretical group analysis of differential equations are applied to the
k — & turbulence model. The classical symmetries of the k — ¢ turbulence model have been calculated
in [14]. The paper [14] contains also the complete ready-to-use list of symmetry subalgebras, which is
necessary to construct invariant solutions of the equations under considerations. The aim of this paper
is to obtain symmetry reductions and exact solutions of the k — € turbulence model. Here we shall not
discuss physical meaning of obtained solutions [15].

The paper is organized as follows. In Section 2 we present the classical k — & turbulence model
[7, 8, 14] and give a summary of the geometrical theory of nonlinear differential equations [16, 17]. In
Section 3 we study invariance conditions for main classical symmetries of k — & turbulence model. In
Section 4 we consider some reductions of k — € turbulence model with respect to three-dimensional
subalgebras. In Section 5 we discussed methods of constructing solutions for reduction equations and
obtain families of exact solutions for k — € turbulence model.

1. PRELIMINARIES
1.1. The k — & turbulence model

The k — ¢ turbulence model describes the motion of high Reynolds number turbulence flows
and is derived from averages of Navier-Stokes equations by introducing the k- and e-equations in or-
der to obtain a closed set of equations [7, 8]:
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where i; is the mean velocity component in the x; direction, p is the mean pressure, k is the turbulence
Kinetic energy, ¢ is the rate dissipation of turbulence kinetic energy, v = const is the viscosity, p =
const is the density,
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is the Reynolds stress tensor, §;; beeing the Kronecker delta, 7;; = pv (ZZ‘ + a—i’)
Jj i

The five empirical constants c,, c,,, c.,, ok, o, that appear in the equations are assigned the
values: ¢, = 0.09, ¢,, = 1.44 — 1.59, ¢, = 1.9 — 2.0, oy = 1.0, o, = 1.3 — 1.47. Throughout, for
repeated indices the summation convention is used, the indices running from 1 to 3.

1.2. Symmetries and invariant solutions of partial differential equations
We expose here in a simplified, local coordinate form the basics of the geometrical approach to

differential equations and its symmetries [16, 17].
Let £ = {F = 0} be a system of differential equations given by

glolyt
F; <x,u, “ o ,> =0,s=1,..,r1,

where u = (ul,...,u™) is the unknown vector-function in the variables x = (xq,...,x,),
F = (Fy, ..., E). In the framework of the geometrical theory any differential equation £ of order
k is considered as a submanifold in the space of k-jets J* (i) for some vector bundle m: E™*™ — M™,
For example, system (1) — (4) is a submanifold & c j?(m), where m:D XIR® > D, D C
IR*(x1, x, X3, t), is the trivial bundle, u* = ut, i = 1,2,3, u* = p, u® = k, u® = ¢ are the coordinates
in IR®.

Any infinitesimal symmetry of a system of differential equations has the form of evolutionary
derivation

where @ = (¢, ...,¢™), @' € C*°(J*(m)), is the generating function of the symmetry, D; = % +

j @ - _ . . o
Yo Uy i are the total derivative operators, D, = D; o ..o D; for o = (iy, ..., i,), summation is tak-
a

en over the internal coordinates on €, the bar means the restriction to €. We identify fields 3, with
their generating functions.

To find infinitesimal symmetries of the system £&: F = 0, F = (F,, ..., E.), F; € C*(J*(m)) one
must solve the equation



On symmetry reductions and invariant solutions. .. 72
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where [ is the universal linearization operator
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Let Sym & denote the vector space of all infinitesimal symmetries of an equation €. We identify
Sym &€ with the solution space of equation (5). The vector space Sym £ is a Lie algebra with respect to
the Jacobi bracket {¢, ¥} = 3, (1)) — 3y (¢):
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Let g be a subalgebra of the Lie algebra Sym E. Then g-invariant solutions of £: F = 0 are so-
lutions of the system

F=0 ¢,=0,...,0, =0, (6)

where ¢, ... @, is a basis of g. System (6) is overdetermined and the fact that ¢; are symmetries
means that the system is compatible. Under some regularity conditions, the problem of solving system
(6) is equivalent to that of solving system with n — s independent variables. We shall say that system
(6) is the reduction of equation £ with respect to the symmetry subalgebra g =< ¢y, ..., o5 > (or with
respect to the symmetries ¢4, ... ¢5). Note that in equation (6) one can use also generating functions of
nonlocal symmetries [16, 18]. It is reasonable to use Reduce package [19] to solve equations (5), (6).

2. INVARIANCE CONDITIONS

In this section we solve the part ¢, = 0, ..., ¢, = 0 of system (6) for main classical symmetries
of k — & turbulence model.

2.1. Generalized space translations and Galilean boost
Consider the following symmetries:
Xl(f) = (fu% _fl fu%, fu%' fpl +,Df.x1, fklr fgl)'

XZ(g) = (gu%' gu% - g' gu%l gp2 + pngl ng' ggZ)'
X3(h) = (hud, hu3, hu3 — h, hp; + phxs, hks, hes),

where f, g, h are arbitrary functions of t,
{X1(H), X2(9)} = {X2(9), X3(h)} = {X1(f), X3(h)} = 0,
while
XN, Xi()} = P(fg — f9),
where P(h) = (0,0,0, h,0,0) [14].
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When the functions f, g, h are being constant or linear, symmetries X, (f), X,(g), X5(h) are
assigned to space translations or Galilean boost respectively.
For example, the system X;(h) = 0 is of the form

R _ haaZ_O RO 0,
0xs 0x5 0x5 B
RIP i =0, n o n2_,
gy (PP TT TV e TV

and its solutions are

h
111 = ﬁl(t,xl, xz), 112 = ﬁz(t,xl,xz), 113 = EX3 + ﬁ3(t, X1, xz),

h ~
p= —gﬁx;‘f +D(t, x1, %), k=k(t,x,x5), €= E&(t x,x).

In the same way one can solve system X; (f) = X,(g) = X5(h) = 0 [20]:

. . ;
al = f—cxl + a(t?, a2 = gxz +.,8(t), @ =2, +y(0),
i
ﬁ=—§<; +§x§+hx3>+p(t). ™

k = k(t), € = €(t).
2.2. Rotations

The symmetry algebra of the k — ¢ turbulence model possesses three-dimensional rotation sub-
algebra < R,,, R,3, Ry3 > [14], where

/xjul-l — xuf + 8 jut — 61iuj\
x]ulz - Xiuj2 + 62jui - 52iuj
Ry = xui — xu? + 835u’ — 83u) |
XjPi — XiDj |
XjSi — X;&
Consider, for example, the system R, = 0:
ou' out 0 ou’ ou’ Cule0
2 9xy xlaxz w=5 x26x1 xlaxz ' =0, (8)
ous o’ 0 op p 0
Zox, tox, *2 0x, *1 ox, ©)
ok ok _0 de de 0
X2 0x, 1 Yox, X2 0x4 —h Yox, (10)



On symmetry reductions and invariant solutions. .. 74

Equations (9)—(10) are of the form yu, — xu, = 0, u = u(x,y). The latter equation possesses
the solutions u = f(x? + y?).
System (8) (for a while we shall use the notations u = @, v = @?, x = x1, y = x?)

{yux — XUy, =,
YUy — XUy = —U

Is reduced to the heat equation
V2 Uy — 2XYUyy 4+ X%Uyy — XUy — yu, +u =0,

which has the solution u(x,y) = yf(x? +y?) + xg(x* + y?), hence v(x,y) =yg(x?+y?) —

xf(x? + y?).
So, we get the solution of the system (8)—(10):

= x,f(x2 + x2,x3,t) + x; g(x? + x2,x3, ),
U? = x, g(XF + x5, %3, t) — x1 f (%7 + x5, %3, 1),
3 = u3(x2 + x2, x5, t),

p = p(xf + x5, x3,1),

k =k(x? + x2,x3,t), €= &%+ x3,x3,0).

In the same way one can solve system R;, = R,3 = R;3 = 0 and get

it = x;®(x? + x2 + x2,0), (11)
p =p(x? + x5 + x3,t), (12)
k=k(x?+x%+x2t), e=80x2+x%+x3t). (13)

2.3. Scale symmetry
Consider the generating function of scale symmetry [14]:

X Ui + xul + xgud + 2tul + ul

/xluf + x,us + x3ul + 2tu? + uz\

_ | w3+ xud + xgud + 2tud +ud I

1Py + X3Pz + X3p3 + 2P + 2p |

X ky + Xoky + Xaks + 2tk, + Zk/
X1&1 + X285 + X383 + 2t + 4e€

All equations of the system S = 0 are of the form
X Ux1 + Xouxy + xX3ux; + 2tut + au =0, (14)

where u = ul, p, kore, a = 1,2,4.
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Using the characteristic equation for (14)

dx; dx, dxz3 dt du

X1 X X3 2t —au

we get the solution of the system S = 0 in the form

t t't’t t't’t
1. (x} x2 x2 1 [(x% x% x3%
k=-k —,—,— ], E=—=€&|l—,—,—
t t't’t t2 t't’t

3. REDUCTIONS OF THE k — e TURBULENCE MODEL

In this section we consider three reductions of the k — ¢ turbulence model with respect to three-
dimensional subalgebras. Let us remark that the complete list of three-dimensional symmetry subalge-
bras, which is presented in the paper [14], contains more than 20 items. Calculations show that reduc-
tions under considerations involves ordinary or partial differential equations only for functions k and
&, while for other four function expression containing arbitrary constants (and function of t in case of
p ) are obtained. This means that regularity conditions mentioned at the end of Section 2.2 in case of

the k — ¢ turbulence model are broken.
1. The reduction with respect to subalgebra < X;(f), X,(g), X5(h) >.
Combining (7) and (1)—(4), we obtain (see [20])

where
2 2
7))+ ()
L=2c, 7] +{=) +|] |
”((f g h
while
fxi+a, ., gxy,+a, . hxz+as
le—— *=—""—— 03 =——"7"—, fgh=q,
7 7 . fg
-__P /: 2.9 2 ﬁ 2 _ _
D= 2(}Cx1+gx2+hx3 +p(t), k=k(t), e =¢(t),

where a, a; are constants.
2. The reduction with respect to subalgebra < X;(f), X2(f), R12 >.
Combining equations X; (f) = X,(f) = Ry, = 0 and (1), we get

(15)

(16)

(17)

(18)

(19)
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f o f

ul = ]—cxl, w? = ]—rxz, ud = —2?x3 + a(t), (20)
ﬁ = _%(x% + x%) + p(x?}' t)' (21)
k = k(x;,t), € = €(x3,t). (22)

Substituting (20), (21) in (2), we obtain

L (L5 ) a2 4 (6= 20 L) xy — 20, L1 _2
pp_(f 3<f))x3+<a Zaf>x3 ZCufg 3k+p(t).

Finally, using (3), (4) and (22), we get the reduction

N
g, = uk? AR
kt+uk3—D3<<v+akg ksy | +12 7 = g,

5 ¢y k? £\’ g?
& tu’e; = Ds v+a—£? & |+ 12¢, ]—C k—cez?.

3. The reduction with respect to subalgebra < R;5, Ry3, R13 >.
Substituting (11) in (1), we obtain

i 3
' = A(t)x;R"2, R =x?+ x5+ x2.

Using (2) and (12), one get

!

1 1 2 k?
53 = 2p—-2 _ -1/2 _ ~ _ =3/2
p 3AR 3AtR 3k 4cufR <S>RdR.

Finally, combining (3), (4) and (13), we obtain the reduction system for functions k = k(t, R)
and € = €(t, R):

c, k? c, k2 k2
ke + 2AR™?kp = 2R <<V * _“_> kR> +6 <V + _'LL_) kg + 12CHA2R_3— — &,
O € o, & £
R

1 c, k* , c, k* ) &2
e+ 2AR Y2 = 2R (v+——|er | +6|v+——)er+12¢c4c. A*R3k —c.,—.
O¢ o: € ! Zk

R

4. INVARIANT SOLUTIONS

Reductions 2 and 3 in Section 4 are complicated systems of nonlinear partial differential equa-
tions for functions k and €. To find solutions of these system one can use symmetry method again or
try to solve the systems numerically (cf. [12], [13]). This will be discussed elsewhere.
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For Reductions 1 in paper [20] families of exact solutions were obtained.

For example, if X;(f), X»(g), X5(h) are translations (f = g = h = 1, L = 0) we get invariant

solution:

-1 H2 — 73 — S —
u =4ag, U =0az, U =4asz, p= p(t)'
1 CEZ

— C
k=(Gt+ )% o= = (Gt +6) .

&2

where a;, C;, C, are arbitrary constants.
Also in [20] it was shown, that in the case L # 0 system (15)—(16) transforms to

&= (cglLW — cgzw_l)e, k = we,
where
w=—Ilt)w? +a,

I[(t)=(ce, 1L =0, a=c¢.,,—1>0.

The substitution w = %% transforms equation (24) to linear equation
1 — v = al?v.

Integrating (23), one get

Ce l- dt dt =
—1f v f a

In || = f(cglLW —ce,w dt =

__ %, ]w—lvdt_
T c n vl =ce, alv B

C
sil(ln |v| —In [I]) + In|C|.

Cc
=—= In|v|-

Therefore, we have

c c 1
Ce £2 Ce £2 1

&= Cvcslil (£)682_1 k=we= Ezvc 11 (1)652—1 = Cvcgl——l (1)652_1
1} ! l v 1'7 1.7 .

(23)

(24)
(25)

(26)

(27)

These results can be summarize as follows. To find invariant solutions in the case L + 0 we
must choose functions f, g, h such that fgh = A = const and find @!, p by (18), (19), then calculate
function I(t) (see (17), (25)), solve equation (26) and find function v. Then, using (27), we get ¢ and
k. Thus, the main problem in this procedure is to solve equation (26). Below we consider two cases

when this equation can be integrated.

In the case f = b,e?t, g = byett, h = b;e~*Wt where A, u, b; are arbitrary constants, | =

const, v = CzeVt + C,e™Valt we get:
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al = Ax; + a;eM, 7% = pux, + ae ™, @d = —(A + wxy + aze WL
- p
p=—5@Wxi +px; + A+ 1)?x3) +p(0),
G _1
(Qemt + C4e‘*/at)cgl_1 q (Cge*/Ht + C‘LLe‘*/at)Csl_1
E = C5 ng ] k = CS\/7 1

(C3e*/_t Ce—\/_t)cgz—l (Cge‘/_t Ce—\/_t)csz—l

(a;, C; are arbitrary constants).
Inthe case f = t*, a # 0, g = 1/f, h = const, equation (26) is the Euler equation

t2V + 2tv — 4cy(c., — 1 (ce, — Da*v =0

1 1
with the solution v = C4t* 7z + C,t™#72, where

U= %\/1 + 16¢,(ce, — 1)(ce, — 1)aZ.

So one get family of invariant solutions

! = ax,/t + a;t7% 0% = —ax,/t + a,t%, 0 = a,
___ap (a — Dx? + (a + 1)x2 ©®
p== t2 Pt

_1 ) ) ;1
_ CS -
Coct2™! <C6t“‘§+ C7t‘“‘5> !
k —,
+1 —ptE\Cez—
(Cotue = 1720642 = €, (u+ 1/2)67*2)
C82 1 1 C€1
- e —1
Cocst? <C6t“‘§ + C7t‘“‘5>c !
&=

ng )

where ¢, = 4c,(ce, — 1)(c., — 1a?, while a;, C; are arbitrary constants.
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O PEAYKIUAX U UTHBAPUAHTHBIX PEHIEHUSAX
MOJEJIA k — € TYPBYJIEHTHOCTH

Xopbkosa H.I'.

MeTtos! TPYMIIOBOTO aHamM3a AU depeHIMANTBHBIX YPABHEHHUH MPUMEHSIIOTCS K MOJIeTH K — & TypOyIIeHTHOCTH.
PaccmoTpens! pemykimn Monenu K — & TypOyIIEeHTHOCTH 110 OTHOIICHHUIO K TpEXMEpHO# noganrebpe cummerpuid. [Tomyde-
HbI CEeMENCTBA TOYHBIX PEIICHHM.

KuaroueBble cioBa: HenmuHeliHbie nudhepeHIIMaTbHbIE YPaBHEHUS, JTOKaIbHBIC CUMMETPHUH, WHBAPHAHTHBIC pe-
ICHUS], MOJIEITb K — & TypOyIIeHTHOCTH.
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