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A CONSTRUCTION OF DIFFEOMORPHISM EXTENSION
AND ITS APPLICATIONS

A.M. LUKATSKY!?

Let M be Riemannian manifold with boundary &M and a diffeomorphism f of &M . We consider the problem of the

extension of f from the boundary &M into the manifold M to the volume-preserving diffeomorphism f . The design of

an explicit extension based on the representation theory is offered for the case of the sphere. We also extend the conformal
and projective groups with the n —1-sphere into the n-ball. As a result, we construct examples of kinematic dynamo in
the n-ball.

Keywords: Arnold’s problems, Riemannian manifold, boundary, diffeomorphism extension, volume preserving dif-
feomorphism, kinematic dynamo.

Introduction

Let M be a compact Riemannian manifold with boundary oM and f be a diffeomorphism of
oM . V.I. Arnold had formulated the following problem ([1], 1988-20): when there is an extension of
f from oM into M such that the extension f is an element of the volume-preserving dif-
feomorphism group SDiff(M)?

Here we consider the case of n-ball (B") and propose an explicit construction of such an exten-
sion from its boundary, then—1-sphere (S""), into B". As a consequence we find new examples to

the problem of kinematic dynamo in B". These results were reported in the International conference
"Analysis and singularities (Arnold-75)", [2].

1. Construction of the Extension

We consider diffeomorphisms of sphere which are isotopic to the identity. They form the group
Diff,(S"™"),n > 2. Then for any diffeomorphism f e Diff,(S"* we have (Thurston, [3])

f =exp(v,)...exp(v, ),
wherev, lies in Vect(S"™), the space of smooth vector fields on the S"*, for i=1,...,k .
Let v be a smooth vector field on S"*. We give a construction of its extension to a divergence-
free vector field vin B". Below we use the representation theory.
We decompose the space Vect(S"™*) into irreducible SO(n) -modules. It is known (Kirillov, [4]),

that there are two series of irreducible modules:
- The series of the divergence-free vector fields with highest weights M +kA,, k>0 for n=4

and M, +kA,,M, +kA, k>0 for n=4:
D Py NE4

S, =SVect(S") = k=0
1 ( ) Z (PM;,+kAn + PM;H—kAn )’ n=4;
k>0

- The series of the gradient vector fields with highest weights kA, k>1
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k=1

Here M, is the highest weight of the adjoint representation of SO(n), n#4 (M,, M, for SO(4));
A, is the highest weight of the standard representation of SO(n) in R". Thus, we have
Vect(S")=S,®8,.
We construct the extension for the irreducible modules of these series. In this case it is convenient

to use the polynomial (in the sense of R") notation of vector fields. Note that an irreducible SO(n) -

module consists of spherical vector fields, in particular polynomial ones.
1.1. Divergence-free vector field series

Let us consider the vector field on S”
V., =X; (X, —X%,0, ...,0), m>0. )
According to [5], v,, has non-null component in the space
M. +mA, for nz4; M +mA,, M, +mA, for n=4.
Obviously, we have
div.v, =divv, =0.
It follows that the divergence-free extension of (1) is a vector field itself (i.e.y, =V, ). This proper-

ty is invariant with respect to SO(n) action on S"*.

Thus we have

Proposition 1.1. There exists such a polynomial basis of divergence-free vector fields on S" that
its divergence-free extension into B" arethe same vector fields.

Below we denote div_,u by divu.

1.2. Gradient series
In this case it is convenient to use harmonic polynomial form (Vilenkin, [6]). As it is well known
[4] the homogenous harmonic polynomials of degree k form an irreducible space of highest weight

kA,, k>0 in the function space on R".

The corresponding space of their gradients on sphere constitutes a SO(n) -module with highest
weight kA, . One can offer the explicit formulas for these vector fields.

Consider the SO(n)-module with highest weight kA, . It consists of the gradients of homogene-
ous harmonic polynomials p of the degreek . Let us take u =grad,, p. Then we have

dp o
u= &, ...,a—xn)— KP(Xps-ees X,) - 2
Note that
divu=Ap-k(n+k)p=-k(n+k)p.
Proposition 1.2. The divergence-free extension of (2) is given by the formula

n=u+ﬂ%5xﬁ+m+xﬁ4x§%wﬂg%y ?)

Proof.
We have

diva :—k(n+k)p+nL2k(x12 +o X =DAP+(N+K)D X, g_p =0.
i-1 Xi
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2. Extension of actions of non-compact semi-simple Lie groups on sphere

In this section we construct volume-preserving extensions from a sphere into its interior ball for
elements a non-compact simple Lie groupacting on the sphere.

There are known actions of Lie groups SO(L, n) (the conformal group of a sphere) and SL(n) (the
projective group of a sphere) on S"* which do not automatically preserve the volume element of S"* .
Now we present the design of their extensions to volume-preserving diffeomorphisms of B".

2.1. Consider the action of Lie group SO(Ln) on S"*

Its Lie algebra consists of the vector fields

{grad..x,i=1...,n} so(n).
Forn =3, we choose
v=grad, X = [1— X}, = XX, =X X,).
Using (3) we obtain that its divergence-free extension has the form
V= (X +2% +2X2 =L —XX,,— X X,). 4)

Note that the vector field v does not have a singular point inside the ball B®. The vector field ¥

singular points form the circle

x =0; x22+x32=%.

For the vector field (4) it is immediately verified that
rot v =5(0, X;, — X,).
Thus we have

[V, rotV] = 0.
Hence, the divergence-free extension of vector field grad,,xis a vector field which commutes
with its curl.
Take

w=grad,X, = (=X X, 1= X5, = X,X;).
Its divergence-free extension has the form
W= (=XX,, 2X° + X5 +2X2 =1, — X,X,). (5)
Consider h = (x,, — X, 0) as the vector field of the Lie algebra so(n). Note that h=h.

It is immediately verified that
[wW+h,v]=w+h.

It follows
(exp(V))* (W+h) =e*(w+h):
this is a property of the Lie group SO(3,n).
Now we take
F =exp(V).
Note that F is an element of the volume-preserving diffeomorphism group SDiff (B").
Thus, on the boundary of B" (i.e. on S"™) we obtain
FX(W+h) =e“(W+h),
For any integerk .
2.2. Consider the action of Lie groups SL(n)on S"*
Its Lie algebra consists of the vector fields from so(n) and grad.xXx;,grad.(x’ —x}),

i,j=],...,n,i¢j_
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For n=3 we take g =—x’ +Xx;, u=grad_g. Note that
u= (_2X1’ 2X27 0) _29()(17 X2 X3)~
Its divergence-free extension has the form
0 = (5(X +X; +%;) =3) (=X, %, 0) =29 (X;, X, X;)- (6)
Note that the vector field u has the set of singular points inside B®. This set coincides with the in-
terval x, =X, =0, —1<x, <1. The singular points of the vector field G inside B®include this interval
and also the two intersecting circles

3
_ . y2 2 2 _
X1_iX2’ X+ X, + X, —g.

Note that these extensions of the elements of conformal and projective group actions on the S"*
generate infinite subgroups of the group SDiff (B").

3. Extension of actions of non-commutative solvable Lie groups on sphere

Here we construct volume-preserving extensions for the non-commutative solvable Lie group ac-
tions on sphere into its interior ball.

Let us consider S*"*, n>2. We take
N = (=X, Xp, = Xy Xg eees = Xons Xop)s V= P(X5 X,) (0,0, — X,y Xgy ooy = X5 o 1),
where p is a homogeneous harmonic polynomial of the degree k .
The vector fields h,v generate a finite-dimensional non-commutative solvable Lie algebra. Their

divergence-free extensions fromS"™ into B" are the same vector fields.

Example 3.1. Consider S°.
Let us take

h= (_Xzo X, — X3, X4); V= X1X2(07 0,- Xy Xs); W= (X12 - Xzz) (0» 0,- Xy Xs)-
We have
[h,v]=w; [h,w]=—4v; [v,w]=0.
Thus, we obtain the 3-dimensional non-commutative solvable Lie algebra of divergence-free vec-
tor fields on S*. Theirs divergence-free extensions on B* are the same vector fields.
Note that these extensions of the elements of non-commutative solvable group actions on the S*"*
generate a finite Lie group as subgroups of SDiff (B>").

4. Application to the problem of kinematic dynamo

Let us consider the vector field U (6). Note that U has a singular point at the origin. Linearized
vector field & at the origin has the form

3 0 0
-3 0
0 0 O

and its eigenvalues are {3,-3,0}.

According to Arnold-Khes in theorem [7, p. 275-276], U is an example of nondissipative kinemat-
ic dynamo of the rate L, for any T> 0. Direction for implementing dynamo effect at the origin is giv-

en by the eigenvector (1, 0, 0).
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Divergence-free vector field with the focus at the origin may be obtained using an extension of the
conformal group. Here again, we take the vector fieldV, (4). Note thatV(0) = (-1 0,0) . Consequently,

the vector field V can be considered as the effect of the magnetic field in the kinematic dynamo.

REFERENCES

1. Arnold V.I. Arnold’s Problem // Springer and Phasis, Moscow. - 2004.
2. Lukatsky A.M. On the Problem of Diffeomorphism Extension // International Conference "ANALYSIS and

SINGULARITIES, dedicated to the 75" anniversary of Vladimir Igorevich Arnold". Abstracs. Steclov Mathematical In-
stitute of the RAS, Moscow, Russia, December 17-21, 2012, p. 77-78.

3. Thurston W. Foliations and Groups of Diffeomorphisms // Bull. Amer. Math. Soc. - 1974. - Vol. 80, p. 304-307.

4. Kirillov A.A. Representations of the Rotation of n-dimensional Euclidean Space of Spherical Vector Fields
//Dokl. Acad. Nauk USSR — 1957 —vol. 116, no. 4, p. 538-541.

5. Lukatsky A.M. Structural-geometrical Properties of Infinite Lie Groups in the Application to the Equations of
Mathematical Physics // Yaroslavle, Ya. St. Univ. named P.F. Demidov — 2010.

6. Vilenkin N.Y. Special Functions and Representation Group Theory. Moscow: Nauka, 1965.

7. Arnold V.1., Khesin B.A. Topological Methods in Hydrodynamics // Springer and MCNMO, Moscow. - 2007.

KOHCTPYKIUA TPOJOJIZKEHUA TUDPPEOMOPPU3IMA U ET'O ITPUJIOKEHUA

Jlykaukuii A.M.

IIycts M ects pumanoBo muoroo6pasue c¢ rpanuneii OM , a f ects muddeomopdusm OM . PaccmoTpum 3amauy

nponokenns ¢ rpanuusr OM BHyTph MHOTOOGpasus M 1o coxpanstomero o6sém auddeomopdpusma f . B crame
JUIsL citydast cepbl IpeIIoKeHa siBHAsi KOHCTPYKIIMS TAKOTO IPOJ0JKEHHSI, OCHOBBIBAIOIASCS HA TEOPHU NPE/ICTABICHHIH.
MBeI Taxke paccMaTpuUBaeM IIPOJOJDKCHHS ISHCTBHSA KOH(POPMHOM M HpOeKTHBHOW rpymm ¢ N —1-chepst Ha N -MepHBIit
map. B pe3ynpTare nomy4eHs! npuMepsl KHHEMATHIECKOTO TMHAMOB [ -MepHBIH mIape.

KiroueBble cjioBa: mpobOiieMa ApHoibJa, pUMaHOBO MHOTOOOpasue, TpaHuIa, npojonkenue auddeomopdusma,
mudheomopduzM coxpansronii 00bEM, KHHEMATHYECKOE TUHAMO.
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