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O KOHCTPYKIMHU MTPOAOJIKEHUSA JIOKAJIBHBIX
BE3JMBEPIEHTHBIX BEKTOPHBIX ITOJIEM HA R™

A.M.JYKALKHAM

PaccmaTpuBaeTcs 3a1aua npoJOKEeHUs Oe31MBEPIeHTHBIX BEKTOPHBIX IOJICH, ONpeAeNeHHbIX B OKPECTHOCTH HaJasa
koopauHat B R™, 10 6e3auBepreHTHBIX GUHUTHBIX Ha R™ . [TomyueHs! siBHbIe HOPMYJIbI IPOIODKEHUH [Tt SJIEMEHTOB IPOCTO
anreOpsl JIm Oe3mrBepreHTHBIX BEKTOPHBIX Toyieil m3BecTHOM cepun O. Kaprama. KoHCTpyKmms MmO3BONSET MEpedTH OT
ypaBHEHHH Diepa uaeanbHOH HeCKIMaeMon KIUIKOCTH K YPaBHEHHSAM Diiiepa Ha KOHEYHOMEPHBIX rpyrmax JIn.

KaioueBble ci10Ba: 0KaIbHO-0€31MBEPreHTHBIE BEKTOPHBIE MOJIA, TNIAIKHUE POAOJDKEHHSI, QUHUTHBIC BEKTOPHBIC
OIS, HJCaNbHAsT HECKMMaeMast KHIKOCTb, anreops! JIu, Gpakropusamust, ypaBHeHUS Diiepa.

BBEJIEHHUE

I[TycTh 1aHO N -MepHOE BEIIECTBEHHOE €BKIMIOBO TpoctpancTBo [1". Bynem paccmarpusars [1 "
Kak 00J1acTh TE€UEHHS HeaIbHOM HeckumaeMoit sxunkoctH [ 1]. KondurypaunoHHbIM IPOCTPaHCTBOM 3TOH
usuueckoit 3amaun sustercs moarpynma rpymnst  Diff (") coxpamstommx  snement oGbema

maddeomopdusMoB [ ", H30TOMHBIX TOXKIECTBEHHOMY M OBICTPO CXOJSIINXCS K TOXKIECTBCHHOMY Ha
6eckoneunocru, Diff /(0 "). Ee anre6pa JIn V) (") coCTOMT 13 Ge3IMBEPreHTHBIX BEKTOPHBIX MOICH,
OBICTPO YOBIBaOLIMX HAa OECKOHEUHOCTH [2, . 33-36], [3], KOTOpBIE SBISIOTCS MOJISIMU CKOPOCTEH TeUeHU
U/IcNIbHOM HeckuMaeMoll »kuzakoctu. Ecmu 0003HauuTh yepes Vj (0" — anrebpy JIu ¢uHUTHBIX
Oe3/IMBEPIEHTHBIX BEKTOPHBIX moJiel Ha [1 ", To umeeM Vj @m CV; @mn.

JluHaMyKa TeYeHWH WACANbHOW HEC)KUMAEMOH JKHUIKOCTH IPH OTCYTCTBHHM BHEIIHUX CHII
ONMCHIBAETCs ypaBHeHHEM OJilniepa [ 1, ¢. 42] ux nozeit ckopocreit Ha M :

%+VWW+Vp:O 1)

3nece W— 1oJie CKOpPOCTEH MAE€aTbHOM HEC)KHMAaeMOM KHUAKOCTH, @ P— JaBJICHHE KUJKOCTH.
TedeHus UaeaTbHON HEC)KIMASMOH JKUIKOCTH SIBIISTFOTCS T€OIC3NISCKUMU MHOTO00pasus Difff (M) B

CMBICJI€ TIPAaBOMHBAPHAHTHON (B CMBICJE TPYIIOBONH CTPYKTYpPbI) METPUKH, 3a/1aBa€MON B €IUHHIIE
rpynns! GOpMON-KUHETHUECKOH SJHEPTUHU:

(u,v) = jM <u(x),v(X) > d z(X). @)

Beenem anre6py Jlu P, (U ") — monvuHOMHANBHBIX O€3/IMBEPTEHTHBIX BEKTOPHBIX MoNeH Ha [] "

Oty anredpy JIu muoro uzydanu C. Jlu u 3. Kapran, eme C. JIu qokasan, 4ro 3To npoctas anredpa Jlu
([4, c. 273]). 3amernm, uro P, (U ") He sABNIETCS MOAANTeOPOi V}? (U"), T.K. TH BEKTOPHBIC TIOJIS HE

yObIBaroT ObICTPO Ha Geckoneunoctu. Jlokanuszyem Bexropubie nons us P, (U "), paccmarpusas ux Ha
eqmamaHOM Kpyre B <[], u 06o3naunm obpasosannyo umu anre6py Jin uepes P, (B") . Husxe 6ymer

HpeIoKeHa SBHass KOHCTPYKIIUS MPOIO/KEHHS TAKAX BEKTOPHBIX Toyeii ¢ B" 10 BEKTOpHBIX Mmojei
Ha [J", GbICTpo yOBIBarOIIMX Ha OECKOHEYHOCTH (DIIEMEHTOB V}?([] ")), a TouHee 10 (MHUTHBIX

Ge3MBEPreHTHBIX BEKTOPHBIX Torteit Ha [1 " (amementoB V.. (0 ")).



O KoHCMPYKYUU NPOOONNHCEHUS IOKATbHBIX De30U8EP2eHMHbIX 6eKmopHblx noneti Ha [ 89

1. KOHCTPYKUUS NPOJOJKEHUS JIOKAJIbHBIX BE3JJMBEPTEHTHBIX BEKTOPHBIX MTOJIEH
HA (1"

Y1006HO BBECTH TTIAJKYIO (QYHKIIHIO HA MPSMOA:

0<t<L
0= onss

Uro0Obl M30ekKaTh H3JIHUIIHE T'POMO3AKUX (opmyir, ycimoBumcs obo3Hadath f((X,X)),x el

ay o df
Todx lx,x) dX (X, X)

3ajiaiMM BEKTOPHbIE 1moJist Ha (1" :

uepes f uepes f .

W, =%(kx§‘1f +2x57H 2% x5 £,0,...,0)

Ve = (¢ F +2x%¢ F -k, f —2x%, 1,0,...,0) .

Nmeem divw, =divy, =0.
3aMeTuM, 4TO

w, |B" =(x,0,...,0),v, | B" = (X, —kxx,,0,...,0).

Beenewm crenytonme o003HaueHUS

ool
oX
€ =%0p,h ; =%0,—x;0;,1# ], (2)
Q; :Xizaj’i # ],

0., = X0, —2%X;0;,i # ].

Bepuemcs x anrebpe Jlu P,(B"). Obo3nauum uepes P: (B") < P,(B") mommpocTpancTBO

nu3 BeKTopHI)IX noneﬁ C KOOp)II/IHaTaMI/I - OJIHOpOI[HI)IMI/I MHOTI'OYJICHaAMHU CTCIICHU k .
Nmeem

P,(B7)= Y PL(B"). ©

3aMeTHM, YTO MPOCTPAHCTBO P;(B”) sBisiercst anrebpoit Jlu R" ¢ Gasucom O,,i=1...,n.
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ITpocTpaHcTBO F’/}(B”) srsercs anrebpoit JIn sl(n) ¢ 6asucom € ;,h,,1<i= j<n,2<k<n.
k n k ny'
Paccmorpum npoctpancrso P, (B"),k >1. B Hem MoxHO BbzenuTh noanpocrpanctso P, (B")

u3 BCKTOPHBIX HOH€I>'I, i-s KOOpZiMHaTa KOTOPBIX HC 3aBUCUT oT Xi JJIA

i=1..,n. B mnpocrtpancTse P:(B”)rime MOXXHO  TIOCTPOMTH  0a3uC HW3  BEKTOPHBIX

oJIeH BUA:
x*.x"o,p =0,p,+...+p, =k, i=1...,n. 4)

C xaxaeiM MOHOMOM t=X™..X™ cremeun k-1, t.e. p+..+p,=k—1 mMoxHO cBs3aTh

MOJIITPOCTPAHCTBO P/f (B")', cocrosiee U3 BEKTOPHBIX MOJIEH BUA:

Zn: a,xto;,
i=0

rIe

> a(p,+D =0

[IpocTpancTBo P: (B")' wumeer pasmepHocth N—1, B HeM MOXHO BHIOpaTh 6a3uc
U3 3JIEMEHTOB
(p, +D)xto, —(p, +Dxto,,i=2,...,n. (5)

HGHOCpeI[CTBeHHO IIPOBCPACTCH, UTO

P/(B)=P/(B") + > P/(B"),

t,degt=k -1

a axeMeHTHI (4), (5) marot 6a3uc mpocTpaHcTBa P: B").

Hwxke Oyzmer moka3zaHo, YTO IMOCITENOBATEIHHBIM KOMMYTHPOBAHHEM C BEKTOPHBIMH IOJISIMHU
BTOPOH CTENEHN MOXHO TOJTyYUTh Bero anredpy Jlu P, (B").

Teopema 1.
JIunelHas 00010YKa DIIEMEHTOB

{[9;;. P, (BM]1<i# j<n} (6)

SIBTISIETCS IPOCTPAHCTBOM P: B"), k>1.

Hoxazamenvcmeo. bBynem Bectn nHayknuto 1o K. imeem
[gi,jféj] = 2ei,j9[gj,i’8i] =_2hi,j )

otkyna cienyer ciaydait K =1. Jlna K =2 umeem
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[ei,jagi,j] :_squa[ei,j’gj,i] :_29i,j-

IIpu n =2 nomyyaem 0a3uc B Pj (B") . IIpu n> 2 Bo3bMeM paznuuHbie i, j,,K . Umeem
[gi,j’ek,i] = 2Xixkaj’

U TAKKe Moyrydaem 6a3uc B Pﬂ2 (B").
Paccmotpum Tenepn P;(B”) st K>3 u mokakem, urto Jiro0oi amement Oasuca (4), (5) MOKHO

nosy4uth 110 (6). PaccMotpum cHavana snemenT Buia (4) s onpenenennocta X52..x"0, ¢ p, >1 Vimeem

n

p-1 Py _ p Pn
[gz’laxzz X al]—(pz +1)X22...Xn al.
Teneps paccMOTpuM 351eMEHT BHUAA (5), JUTs ONIPEACIICHHOCTH BHIOEPEM

_ +1y,p,-1 Pn p Py
U= p,xx27..x"mo, — (p, +Dx x> .. x"0,,

n

rae P, P, 1. O603Haumm V= p,X" X2 .xP0, — pxPxP2..xP0, . Umeem

[gl,zav] = (p1 _sz)u-

[TosTomy mpu p, #2p, moiydaeM HYyKHOE MpeacTaBieHHe. PaccMoTpuM Teneps cirydai

p, =2p,, Toraa Ipu HEHyIEBBIX P, P, ©MeeM P, # 2P,. BBenem BekTopHOE mose

= P Pn -1, p,+1 Pn
W= (P, + DX X% X0, — P X2 X,

n

— Py P21 Pn Pi—Ly P Pn
M= P,X X2 X "0 — PX X2 X" 0,y

n

ITo anamoruu ¢ npeabIAYIIMM MOKHO OJTYYUTh
[9,1,71= (2P, — p,)W.
3aMeTuM ganee, 4To
(€2, W] = (p, +Du.
W3 toxxnectBa Skobu nmeeM
[€,2:[922- 711 =19,1.[€1,, 711 - 2G, . ]
Tak kak [e ,,r]e P;‘l(B”) , 9TO 3aBEPIIAET JOKA3aTEIbCTBO TEOPEMBI.

Cnedcmeue 1. DiieMeHTBI

o,1=1..,n,
g 1<i=j<n, ()
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nopoxatot anrebpy Jlu P, (B").

Tak Kak 3JIEMEHTBI CHCTEMBI O6p&3y10H_II/IX MMpOOOJIKAKTCA OO0 (bI/IHI/ITHBIX 663,I[I/IBepFeHTHBIX
BCKTOPHBIX HOJIGIZ, TO IOJIydyacm, 4YTO 663):[I/IBepI‘eHTHLIC MOJIMHOMHUAJIBHBIC BCKTOPHBIC IIOJISI Ha

emuuuunom mape (P, (B")) mpomomkarores 10 riankux (QUHUTHBIX O€3TMBEPIEHTHBIX BEKTOPHBIX

noneid Ha R" ¢ HOcuTenmem B mape paamyca 2 (Vj(B")). 3/1ech, OHAKO, yIO0OHO MMETh MPSIMYIO

KOHCTPYKITUIO TaKOTO MPOJOHKeHHS. )i 3TOT0 MOCTPOUM MPOI0JDKEHUS IS AJIeMEHTOB 6a3uca (4) u
(5). PaccmoTpum cHauana 35eMeHThl Buja (4), 11 onpeneseHHOCTH

P Pn
X52..X,"0;.

Ero nponomkenuem OyaeT BEKTOPHOE MOJIe
((p, +DxP2..x f —2xP*2. x™ £1)0, — 2% xP .. xP £'8, . (8)
Paccmotpum panee snemenTsl Bua (5), 715 OPEICICHHOCTH
U= p,xxPt xPo, —(p, +)x*x%..x"0,.
Ero nponomkenueM OyieT BEKTOPHOE TOJIe
U= (PPt P f 4+ 2% P x P £1)0, — ((p, + D)X xP2 .. x ™ f +2x22xP2 . xP £)a,.  (9)
Jloka3aTenbCTBO COCTOUT B TPOMO3AKOM, HO HECIIOKHOM BBIKJIAJIKE.

2. MPUJIOKEHU A KOHCTPYKIIUA MTPOJTOJI)KEHUS BEKTOPHBIX ITOJIEN

Ilpumep 1.
[Tonoxnm

k k-1
S,=0,S =%X0,—K{ "X,0,,k=12,...
HNmerot MecTo clienyronme KOMMYTallMOHHbIE COOTHOIIICHUS:
[5| 9Sk] = (k- I)Sk—l .

Takum oOpasom, snements! S,,I =—10,1... o6pa3ytoT anredpy Jlu S, nzomopduyro anredpe
JIm Bcex MOIMHOMHUANBHBIX BEKTOPHBIX Tolel Ha mpsmoi [ . M3 mpensimyimiero crieayer, 4To
BEKTOpHBIE ToJTst anre6pst JIu S mpomomkarores ¢ B” 10 BekTOpHBIX TONTE#H U3 Vj @m).

Takum 06pa3om, B KOHDUTYpaIIMOHHOM MTPOCTPAHCTBE UI€ATLHON HEC)KMMAEMOM JKUIKOCTH HA

(0" comepxutcs moarpymnma ¢ anrebpoit Jlu, nokampHO mH30MopdHON anredpe JIn (GopMambHBIX
BEKTOPHBIX I10JIEH Ha NpAMOU L[| .

Beenem nmanee nommpocrpanctso Jlu S, (B"), cocrosimiee u3 BEKTOPHBIX MOJIEH CTENEHH HE

ke K . UMmeem
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5,.(B") =3 P(B"). (10)

Paccmorpum S, (B"). DT0 moanpocTpaHCTBO BEKTOPHBIX MOJIEH ¢ 0cO00M TOUKOH B Havane

KOOpJIMHAT; HEMOCPEACTBEHHO MPOBEPSETCS, YTO OHO sABIsAeTcs anreOpoit Jlu. Kpome toro, HerpyaHo

ybenurnes, uro moanpoctpanctso S, (B") =S, ,(B") npu K >1 sBnsercs HOpMalibHbIM JIETUTENEM:

S,.(B")>S,,(B").k>1. (11)

Beenem B npoctpanctse P, (B") merpuky:

{uvk= [ @e.v())dw (12)

Metpuky (12) MOXHO MHTEPIPETUPOBATH KaK BKJIaJ B KHHETHUYECKYIO SHEPIHIO OIPaHUYECHHUS
BEKTOPHOIO MOJIS Ha Iape.

Jnst Bexroproro nons U € P, (B") 06o3naunm vepes U ero npoaoinkeHue 10 Oe31MBEPTEHTHOTO
¢unurtHOro moas Ha [1", momydennoro mo dopmynaam (8), (9). Beemem B P,(B") wmerpuxy,

ABJISIFOLLYIOCS. KHHETUYECKOW HEpruel IPOJOJIKEHNN BEKTOPHBIX ITOJIEH.
<uv>= [ (0(9,909)d . (13)

Nwmeem {u,v}<<u,v>.

VpaBuenne (1) MOXHO  mepeoOpMylIHpOBaTh  KaKk  ypaBHEHUE  IeOJe3MYECKUX
NIPaBOMHBAPHAHTHOW METPHKH HA TPYIIIE COXPAHAIONNX 00BbeM TudPeoMopdU3MOB B BUJIE:

MW _ adw (14)
at

3mecs ad;, — omeparop KONPHUCOEIUMHEHHOTO ACHCTBHS B cMbIcie MeTpuKH (13).
N3 (11) MOXKHO MOCTPOUTH KOHEYHOMEPHBIE (haKTOP-aNreOpsbl

9, =S,.(B")/S,..(B").k>0, (15)

,k+1
UM COOTBCTCTBYKOT KOHCUHOMCPHBIC I'PYIIIIbI JIn Gk .
Moxuo IMPOU3BECTU PCAYKIUIO MCTPUKU (13) Ha gk . I[Hﬂ 3TOT'0 B KaXKIOM CMECKHOM KJI1aCCe

dakTopuzau JOCTATOYHO BHIOpATh MPEACTABUTEIEM BEKTOPHOE MOJIE C MOHOMAMU CTETICHH HE BhIIIIe
k (ono emmHcTBeHHO). [lamee MOXHO paccMOTpeTh ypaBHenume (14) Ha @, ¢ TakuMm 0Opazom

OTIPENIETICHHON METPUKO, 3TO OyaeT ypaBHeHHE Oinepa (T€0AE3UUECKHX MPAaBOMHBAPHUAHTHOMN
meTpuku Ha Trpymne G, c¢ anreOpoit Jlu mNpaBOMHBapUMAHTHBIX BEKTOPHBIX HoOJNeH Ju0o
JIeBOMHBAPUAHTHOM MeTpuku Ha G, ¢ anreGpoii JIu neBoMHBapHaHTHBIX BEKTOPHBIX ToueH (2, [c. 63]).

IIpeonooicenue 1. Pemenue ypaBHeHus Oinepa Ha rpymnne G, CylecTByeT, €IUHCTBEHHO U

IPOI0JKAETCS HA OECKOHEUHOCTh BO BPEMEHHU.
Hokazamenbcmeo. ITO ciaelyeT U3 TOro, 4YTO Ha JHOO0H KOHEUHOMEpHOH rpymnne Jlu pemienne
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YpaBHEHUS T'€0Ie3NICCKUX MTPABOMHBAPUAHTHOM (MITU JICBOMHBAPHAHTHOMN ) METPUKH 00JIaIacT TAKUMU
cBorictBamu ([2, ¢.64], [5, c. 232]).
BBIBO/IbI

[Tonmy4ens! sBHbIE (HOPMYIBI MPOJOIDKEHUS TTOJIMHOMUAIBHBIX O€3MBEPreHTHBIX BEKTOPHBIX
noJieit Ha eAMHUYHOM Imape B [ " 10 riagkux GHUHUTHBIX O€3MBEPreHTHBIX BEKTOPHBIX mojel Ha R"
ITyrem ¢akropuszauuu caenaH mepexo] K KOHEYHOMEpHbIM rpynnaMm Jlu, rae IocTpoeHbI
aCCOLMMPOBAHHBIE C KOHCTPYKIMEH ypaBHEHUS OWjepa, pelIeHUs KOTOPBIX IPOJOJKAIOTCS Ha
OeckoHeuHOCTh BO BpeMeHH. CoxpaHseMmas Ha pPELICHMAX METpPHUKa COBMAJAeT C KUHETHYECKOH
SHEPTUel MPOJOHKEHUI COOTBETCTBYIOIINX O€3/IMBEPIeHTHBIX BEKTOPHBIX ITOJICH.
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ON A PROLONGATION CONSTRUCTION FOR LOCAL NON-DIVERGENT VECTOR FIELDS ON R"

Lukatsky A.M.

The problem of a prolongation of non-divergent vector field, defined in a vicinity of zero in [] "t to a finite non-

divergent vector field on [1 " is considered. Explicit formulas for the elements of the simple Lie algebra of non-divergent
vector from the well-known Cartan series are obtained. This construction allows to move from the Euler equations for the
ideal incompressible fluid to the Euler equations on finite-dimensional Lie groups.

Keywords: locally non-divergent vector field, smooth prolongation, ideal incompressible fluid, Euler equations,
finite vector field, Lie algebras.
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