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AFFINE CONNECTION ADJOINED TO WEB W(1, N, 1)
A.A. DUYUNOVA
The article is presented by professor, Science Doctor in Technics A.V. Samokhin

The 3-web W (L n,1) and the system of differential equations are adjoined with an associated affine torsion-free

connection (the so called canonical connection of an ordinary differential equations’ system). Components of the torsion
tensor of this connection are expressed through the functions defining the system of differential equations. A general form
of the system of differential equations with the zero torsion tensor is obtained.
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Introduction

The paper is a continuation of [3], where we set the correspondence between the systems of
ordinary differential equations and 3-webs W (L n,1) formed by foliations of dimension 1L n,1 on the
manifold of dimensionn+1. In [3] we had found structural equations for the W (L n,1)-web and its

principal tensors. In the present paper their components and differential forms contained in the
structural equations are expressed through functions that define the system of differential equations;
we also clarify the geometrical content of reducing the first structural tensor to zero (see Theorem 1
below).

L()at M be a smooth manifold of dimensionn+1. Consider a 3-web on it given by families 4, and
4, of curves and family 4, of hypersurfaces. Denote by T (M) a space tangent to manifold M at
point p, and by T (F,), =123, spaces tangent to foliations F, of web W at this point. At the
same point p we consider the manifold R(W) of adapted frames e,, a,b,...=12,...,n+1, whose first
n vectors lie in T (F,), e, liesin T (F), and vector e —e , -in T (F,). Itis shown in [3] that in
the above described frame of the family A, webs W(Ln,1) are given by the following Pfaffian
equations:

Aro"=0,0"=0;
A, 0™ =0;
A0 =0,0"+0"" =0,

where {a)”,a)”,a)”*l} is a dual coframe, and u,v,..=12,...n—1. The group of admissible

transformations preserving the form of the equations defines G -structure on the manifold of 3-web
W (L n,1) . The introduced forms satisfy the following structural equations:

do' =o' Ao} + 10" Ao,

do" =" A& + 0" A®); (1)

n+1

do™ =" A,

and quantities x" form a tensor on G -structure. It is called the first structural tensor of 3-web
W (L n,1) . The differential extension of (1) leads to the equations:
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do! =o' Aol + 1o A" +k'o" A" - 0" A
A +Lo" A" -0 A, @
do! = ' 0" A0 +t,0" A" +t 0" A",

n_ v n n
do] =0, Ao, + o,

u

du' =—p'ol +2u' o +K' 0" +K'0" +k! 0",
do, + o A@), — &} A&, — ) AL — 1 &) A" =
=—klo! A" —k'o] A" —hl " A 0" + 0 A0
dwy, —ay Aoy, — o) Aoy, — 05 Ao+ @Op A0, =
=-to) Ao —t,&) A" -m,,0" A" + @), A @";
1a)n+1 +ﬂva)\,nu , (3)

un+.

dt, —t,@ —t,o) —t @ +kj o] =m, 0" +m, o"+m
dt, -2t o +k'e =m, @' +m o"+m . o";
dk! + k"ol —kio! —k'a —2k!@! =h" @" +hl " +h! 0"+ u"al ;
dk" +k'w! —3k‘'@! =h' ' +h' &" +h' "
n+1 n+1"*v

de + kV a)u _3k:+la): = Bluuluva)\:| + [h\tjn+1 - Zzuutvja)v + (h:m—l - Zluutn j a)ﬂ + h:+1n+1a)n+17

and the following relations take place:
hy =hys  my, =mg;

wy ! uv vu !
n n. u _ _u. n _ _.n . u _ _wu
a)uv - a)vu’ a)vw - a)wv' a)uvw - a)uwv’ a)vws - a)vsw'

The set of quantities {t,t k', k',k" } forms a tensor on G-structure, where G is a subgroup of
the extended group G . It is called the second structural tensor of 3-web W (1 n,1).
By [3], the system of differential equations
ax' . .
o f (t,xl,...,x ] . (i, js-=1..,0) (4)

is related with a 3-web W (1,n,1) on manifold of variables x',t consisting of families 4, where
A, :x'=const; A, :t=const;  A,:F'(t,x))=c'=const
(the latter family consists of integral curves of the system (4)). Components of the first and second
structural tensors of the web are expressed through the functions f' defining the system of ordinary
differential equations:
oot
ot ot

1 oot 1 orf"

‘ [f”f ox“ ot (f”]z ox“ot’

IL[U:fU

. 1(af“af“ of " of v fuazf”j o2
n fn

_ + — J— X
ox" ot ox" ot ox‘ot | ox"ot

5 _ 5U .

k; = + - - + X b
ox' ot ox'ot ox' ot ox'ot f" ot ox" ot ox"

\ fn

1(8f”8f” PO A A APl S A e SO e
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2¢n 2¢u 2¢n 2¢u
k_ffvaf el e 0T (f“)2i+
ox"ot 8x“6t ox"ot ox"ot

ot oft oofroft ottt oft of”

ox" ot ot ox! ot ox" ot ox'’

2¢uU 2¢gn n u n

kﬁﬂ—f”afz—f“afz 3f_af 36f o

ot ot fr{ ot ot ot

The forms contained in the structural equations (1), (2) can be expressed through dx' and f'. In
particular, these formulas allow proving the following statement.
Theorem 1. A system of ordinary differential equations is autonomous iff " and @, are equal to zero.

1. Affine connection

It is known (see, for example, [4]) that on manifold M with an affine connection, the Pfaffian
forms 67, 67, a,b,...=12,...,n+1that define the connection satisfy equations of the form:
do* =60° AG* +R2 0" A6,

5
dO? =9 A0 +R2, 0° A 6", ©)

where R, R:, are the torsion and curvature tensors of the connection respectively, and quadratic

forms Q* =R 6" A0° and Q2 =R2, 6° A0" are the torsion and curvature forms of the connection.

We can see from equations (1) and (2) that, generally, they are not structural equations of an affine
connection.
Theorem 2. Equations (1) and (2) on manifold M define an affine connection without torsion iff

the forms @, w;, and w,, are principal, i.e., they are expressed through the basic forms ", omega"

and o™
Sufficiency. For the equations (1) and (2) we put

ea = (a)u’a)n’a)nﬂ);

o o o

n+l

=6 O O, =0 o 0|, (6)

n+l

gun+1 grr‘wl on+l 0 0 a)”

n+1

a,

u
v

and
n n 1
@, = A,0" + A, 0" + A, 0"

o) =A@+ A0 "+ A0 o™ (7)

vw _ﬂ\/wsa) +ﬂ\/wna) +2\?wn+la)n+l
Then the connection forms obtained this way satisfy the equations (5). Indeed, the formsé,', 6, ,

g" and 9! become structural equations of web (2); and for the forms 6" by (6) and (2) we get:
do' —0' Q' 0" NOY - NG, =

n+l —
:dﬂu/\a)n+l+ﬂuda)n ,uva)ml/\a) —,Lta)/\a)"”:
u_.n+l

:(—,uva)“+2,u” +k”a)"+k”a)”+k”+la)”*lj/\co + '™ A —

v _n+l

u_.v u
—p'o" no) — o) o™ =klo' Ao™ +K 0" A o™
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The right-hand side of the latter equation contains only combinations of basic forms, which proves
the statement.

Necessity. Let structural equations (1), (2) set affine connection without torsion. Comparing equations
(1) and equations (5) for the connection we see that components of connection forms may be chosen only
in the form (6). Since equations (2) must have the form (5) then firstly, the forms ®;, and @, must be

principal, i.e., relations (7) must hold; secondly, the last two equations of (5) have the form:

O =0"AO"+0" AO"  +R" 0" AO +2R" 0" AO"+2R" 0" AO™+2RD 0" AO™
n+l u n+1 n n+l n+1 u v n+1 u n n+l u n+l n+1 n n+1
d 0n+1 0n+l A 9 + 9n+1 A 9 + Rn+luv 0 A 9 + 2RnJrlun 6 A 9 + 2RnJrlu n+1 9 A 0 + 2Rn+ln n+1 0 A 9 .

In view of (6) the right-hand sides of these equations must coincide. But the right part of the latter
equation contains only basic forms since the first two addends are equal to zero (see (6)). Therefore the

form 6, A6] contained in the right-hand side of the first equation must be expressed through basic

forms. Since the forms &, are principal (see (6)) it follows that the forms & are expressed through
basic forms, i.e., the relations (7) hold.

Following [2] we call connections satisfying the hypotheses of Theorem 2 by connections
associated with 3-web W (1 n,1) and denote them by T".

Hereafter, speaking of affine connections on 3-web W(Ln,1) we will mean associated
connections.

Using equations (1), (2) and (7), we find nonzero components of curvature tensor of the
connection I':

Bt Rin =3 K Ripa =3 Kl R =K
Rina =5 i =K
b =~Hu R =- izu"m; Rins == At Rina =54
Rhns =50 Ria =5t
RV =56~ 20 i Riho =5t - ' 5).

Theorem 3. For all affine connections I" associated with 3-web W (1 n,1), and only for such
connections, foliations of the web are completely geodesic.
Parallel transfer of the vector £ ={£®} in affine connection is defined by the equations

d&* +&£°02 =0,

while equations of geodesic lines of the connection have the form
do® +6°6% = 06°, 8

where d is the symbol of the ordinary (not exterior) differentiation, and & is a Pfaffian form.
Let us set on manifold M " carrying 3-web W (L n,1) an affine connection associated with the

web. Since the form matrix of the such a connection has the form (6), the equations of geodesic lines
(8) are of the form:
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na)m—l zea)u1

u v __u u
do"+0'w, + 1w
do" +0'w] +0"w; =00"; 9)
da)n+l +a)n+1a): — 0(0n+1.

It follows from (9) that the lines of web W (L n,1) of family A defined by equations «" =0,
" =0 are geodesic with respect to the connection I'. The surfaces of the second family 4, defined

by the equation "™ =0 are completely geodesic since the last equation of (9) is identically satisfied,
while the other two define geodesic lines on the surfaces. By analogy, for the lines of the web in the

third family A, defined by equations @' =0 and " +@"" =0 the first equation of (9) is satisfied
identically, while the second and third equations are equivalent. We find the form & from this unique
equation.

Inversely, consider on a manifold M"™ carrying the 3-web W (Ln,1) an affine connection T

without torsion with the forms 6. . The geodesics equations for the 3-web have the common form:

do' + 00 + 0" + "6, = O0";

n+l —

do"+0"0] + 0"9) + "0, = 0", (10)

n+l

da)nJrl+wuen+l+wn0n+l+a)n+19n+l _ea)ml
u n - .

n+l

Consider the web W (1 n,1) . Let the lines of the first foliation A, defined by equations " =0 and
" =0 be geodesic for this connection. Then from (10) we get 6,,, =0 and 6,, =0 modulo forms
o", o". If the second foliation A, defined by the equation »"* =0 is completely geodesic, from (10)
it follows @' +@"@"* =0. Since geodesic lines on the completely geodesic surface @"* =0may

pass in any direction, the last equality is satisfied identically with respect to @" and @". It follows
then ' =0 and 9" =0 modulo form @"". Finally, if the lines of the third foliations of 3-web W

defined by equations »" =0 and »" +®"" =0 are geodesic, from the same equations (10) we obtain

n+1

o' =0 and 6" =0 modulo forms @' and @" +"".

n+1

Thus, for any connection T" such that the leaves of web W (L n,1) are completely geodesic the
following relations hold:

u _ _u \ u n.
9n+1 - Zm—lva) +Zn+lna) !
n _ _n \ n n.
9n+1 - Zm—lva) +Zn+lna) !

n+l _ _ n+l n+l.
eu _Zun+1a) ’

n+l _ _ n+l n+l.
en - Znn+1a) !

(11)

n+1
n+ln

9n+1 :9: +Zn+1 a)v +Z (a)n +a)n+1);

n+1 n+lv
u u v u n n+l
0, = 1@ + X (a) +o J

We see that the choice of connection I is of great arbitrariness. In this sense we can speak about a
family of connectionsT'.
Assuming (11) in the first set of equations (5), we have:
da)u = a)V A 9\;] + a)n A (Z:va)v + Z:na)ml) + a)ml N (Z::Jrlva)v + Zrl'lj+1na)n);
do" =" AQ" +@" A0 + " A (4]0 + 0 0");

n+1
n+ln

n+1
n+lv

n+l
nn+1

do"™ = y" o' Ao + "o A™ + 0" A O] + yIL 0" + 1M o)
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or

do* = @' A(6) = 200" = 70 @ |+ O A O™ (2 = Znin);

do" =o' /\[Hn (er:llu +Z:rﬁl)a) Zn+lu n+1J+
v (04 20~ 2 + 20 = ek )0 = 2 )
o™ = 0" AOF +( 205 — o )@+ 2t = 2o )@ = Ziaa@™.
Denoting
01=0, = 2n@" = 2y @™;
A= Jon = Zooans
00=06 +( 20t + i )@ = 20"
AR PATES ANT I P AR AN Ty AR

we get

do' =" AgL+ i'o" A o™,
do" =" Agi+@" A G
da)n _a)n+1/\0n
The latter equations coincide with equations (1), if weput &' =g, , ' = ii", @) =4, ., @) =4, .
Note that Theorems 2 and 3 were formulated in [2]. However, their proofs were not given.

2. System of ordinary differential equations with zero curvature tensor

By [3], the forms @, @, and !, are expressed through functions f' defining the system of
ordinary differential equations:

o =9 gy, (12)
(f”j ox"
2 n n n
afy = D AT e (13)
(f”j ox'ox" f" ox" ox
. 1 (2 of"of" o°f" ) |
wVW: _n w V_ w Vv w +
(f”) f"ox" ox'  ox"ox
n n n n 2 n 2 n
PO S T PO L L M i )P
(f”j f" ox' ot f"ox" ot otox" ox"ot
N 13 _ofoft off of 2f of " of 5:_2f_af of 5Vuv_8f of
(f”] ox" ox'  ox" ox" f" ox" ox® f"ox® ox' ox" ox"
S n S 2¢gn 2¢gn 2gn 2¢n
8f6f5vu+8f of 5+ fsaf vu+f58f ;+f"af vu+fnaf 5+
ox® ox" Ox® Ox" ox"ox® ox°ox’ ox"ox" OX"ox"
n n u n n 2¢n 2¢uU
+a]c of O, + oo —fuaf +f”a]c dx" (14)
ox" Ox" ox" 0 ox"ox" ox"ox"
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The above formulas show that formsw;, @), and ,, are expressed through basic forms ", ®"

and o"". By Theorem 2 this implies that an associated affine connection is adjoined to the system of
differential equations (4) in a natural way. Let us call it a canonical connection of the system. And the
curvature tensor of the connection will be called the curvature tensor of the system of ordinary
differential equations.

After a number of calculations we find the expression of components of the curvature tensor
through functions f'that define the system (4):

n n 2£n n n 2¢n
R 1 (2@1‘ of" o f j5u+ 1 (zafaf 0% f jﬁu_

z(fnf’ oY ax' ox"ox' ) Z(f”)s T oxt o' oxox’ )
RY 1 : _af of _8f of _2f_n8f afs5v“—2f—nafsaf §vuv_8f 6fn o _
2( f n] ox" ox'  ox" ox' f" ox" ox f" ox® ox ox" ox
n n n S n S 2 n 2 n 2 n
_6f of 5 of " of 5 of " of 5x+fsaf §Vu+fsaf 5v“v+f”af 5+
ox" ox' ox® ox" ox® ox’ ox"ox® ox*ox" ox"ox"
2¢n u n n 2¢n 2¢fuU
+fn6f 5vuv+2f8f8f_fu6f +naf :
ox"ox" f" ox" ox' ox"ox" ox"ox'
n n n n 2¢n 2¢n
Cpp S S, e L, LA L
2{ f n] f" ox' ot fox" ot otox ox"ot

RU

vnn+1

, 1 (ofvof" _, 0%f" of"ofv _ o%fY fvoftoft ., of“of"
= ann+1 = n v + f v - v _f v + n w T w 5V
2f" | ox" ot ox'ot ox' ot ox'ot f" ot ox ot ox

2¢n 2fuU 2¢n 2fu
:nn+1:1 f“fv—af —fo“—af +f“f“—6]c —(f“)z—af +
2 ox'ot ox'ot ox"ot ox"ot
,oft of" L of ' of ¢  of" of " Jof Y of ")
+f + f — f — f :
ox" ot ot ox' ot ox" ot ox'
R" —_ 1 o*f" _iaf”af” _
z(f”js ox'ox'  f"ox' ox' )
. . e 1 1 of"of" o f"
Runn+l = Rnun+1 = Rn+llu n+l = 2 (_n u - u J’
z(f”J f" ot ox" ox'ot
1 8f”8f”+8f“8f“_fu82f” _lazf”_
Mo fnl ot oxt oxY ot ox'at | 2 ox"ot’
o _ L fofhof" ot 10%"  f' of" o
2 ot ox” ox'ot ) 2 ox"ot z(f”jz ot ox'
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Let us find the form of the system of ordinary differential equations with a zero curvature tensor.
To do this we must put all components of the curvature tensor equal to zero. From the equation

Rus =0, for u=w=s, we get
o f" _ 2 of"of"
oxox!  f"oxt ox'

From this and the condition R}, =0 it follows that
of"
ox'
Therefore function f" depends on the variables x" and t only, i.e.,
f1=1f"(x",1).

By (15) in the system RZ, =0 only the following equations are left:
o’
ox"ox"
o f" Lottt
ox‘ot  f"ox' ot
of" 1 of"of",
ox"ot " ot ox"

2 u u n v u
ool P A AT A Y

of " of "

o f" _gug L 0o f" ()
ox'ot ox"ot ox"ot - ox" ot ot ox'
Putting (17) and (18) in (19) we have
_froftoft £ o f! +8f” of" +afv of" _
f" ox' ot ox"ot ox" ot ot ox'
Now we integrate the equation (16)
f'=a (x",t)x" +b"(x",1).

5],
ot )
ofa (L))
ot f"(x"t) )

al (x",t) = ¢ (x") f " (x", 1).

frft——

Let us write (17) in the form

or, using (21),

Hence

Now we find the form f"(x",t). Let usassume f" =¢’, @ =¢(x",t). Then (18) becomes

O = 0,

whence
e=G4(x")+g(t).

ot ox" B

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)
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We come back to f"

fr=edtD90 — q(x")g(b). (23)
From (22) and (23) it follows that the function f" (see (21)) will take the form
F=cl(x")a(x")g(t)x" +b" (x",1). (24)

We put (23) and (24) in the equation (20). To do this we first find

Zf: = aC;J(i(n)Q(X")g(t)x“r q( )c Y (XM g(t)x" + w
X OX y

o ag(t) L0,

at =c, (x")x'q(x") p
o2 fu 50 (x" )ag(t) aq( " . ag(t) o %" (x".1)

x")x" + c
ox"ot X" q0")  (X7) ox"ot

Substituting this in (20), after some transformations we come to the equation

[bv(x () ob" (X", t)j@g(t) [a b*(x",)  ab* (x",1) & (x )]g(t) 0

ox" ot ox"ot ot
or
abY (x" t v
;[ ( ) bg((:) ,te, (x” )J 0 (25)
Integrating (25) we find
PLOLD () (60 + 9O (), (26)

ox"

where r"(x") are some new functions. Thus the following Theorem is proved.
Theorem 4. The system of ordinary differential equations (4) with zero curvature tensor has the
form:

D a0 b0
dx" @0
a ~q(<")g (1),

Here functions b"(x",t) satisfy the equation (26).

This result can be simplified. By admissible substitution of the variables x" = x"(x") and t =t(f)
the last equation of (27) takes the form

dx"
gt
e., f"(x",t)=1. By integration we get x" =t +c. In this case system (27) takes the form

dxt —CU ()X + B (1),

where, taking (26) into account, functions B"(t) satisfy the equations
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B _Bmcm R
dt
and
RY(t) = r“(t+c)+w.
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ADPDPUHHASA CBA3HOCTDb, NPUCOEAMHEHHAS K TKAHU W(, N, 1)

JdyoHoBa A.A.

B cratee k Tpu-tkanm W(l,n,1) u cucreme nuddepeHIIUaANBHBIX ypaBHEHUH TNPUCOCTUHSAETCS COBMECTHMAs

ad¢uHHAS CBA3HOCTH 0€3 KpydeHHs, Ha3BaHAs KaHOHWYECKOI cBs3HOCThIO cucTteMbl OJ]Y. KommoHeHTHI TeH30pa

KPUBHU3HBI 3TOH CBA3HOCTH BBIUMCIICHBI 4Yepe3 (DYHKIHMH, ONpeneNsoniie cucteMy AuddepeHnnansHbIX ypaBHEHUH, H
3anmcaH Buj cucteMbl O1Y ¢ HyneBbIM TEH30POM KPHBH3HEI.

KaioueBble ci10Ba: Tpu-TKaHb, CHCTEMa OOBIKHOBEHHBIX AU (epeHIINaTIbHBIX YpaBHEHUH, apGuHHAS CBA3HOCTD.
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