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YIAK 512.541
AJJUTHUBHBIE I'PYIIIIBI ACCOIOUATUBHBIX KOJIELL
E.1. KOMITIAHIIEBA

B pa60Te H3y4aroTcsd abeseBkl T'pyIIibl, HAa KOTOPBIX CYHIECTBYCT, XOTA OBl OJIHO aCCOLUMATHUBHOC NOJYIPOCTOC
KOJIBIIO (HOHprOCTLIe prHl'ILI), npo6neMa OIMMMUCAaHUA KOTOPBIX CBOJAUTCA K CIydar0 pE€AYLUPOBAHHBIX TPYIIII. Kak
CJICACTBHUC, IIOKA3aHO, 4TO mo0as abenesa T'pyrna 0e3 Kpy4€HUs, paHr ILeJ’IHMOﬁ 4acTHu KOTOpOﬁ OECKOHEYEH U paBeH

o m o
M, a paHT peayIUPOBAHHOM YacTH He Gonbine 2, SBIAETCS MOTYTPOCTOMH.

KiaoueBble ciioBa: abeneBa rpyIna, KOJIbIO Ha TPYIIIe, HOJTYyIPOCTasi TPYIIIa, MNOTYIPOCTOE KOJIBIIO.

AOeneBa Tpymnma Ha3bIBACTCS TOJMYNPOCTOM, €CIM Ha HEW CYIIECTBYET IMOIYIPOCTOE
accouuatuBHoe Koublo. Konbrom Ha abeneBoil rpymme G Has3bIBaeTcs KOJIBLO, aJJUTHUBHAs
rpynmna kKortoporo coBmagaer ¢ G. Ilpobrema wu3ydeHuss NOIYHOPOCTHIX TIpynn ObLIa
chopmynupoBana B [1] u uccnenonanacse B [2, 3].

Huxe paccmarpuBaercsi TOJIbKO abeeBbl TPyNIbl 0€3 KPyYeHHS U TOJBKO acCOLMAaTUBHBIC
KOJbIla, a CJIOBa IPYIIa U KOJbIO BCIOAY B JaJIbHEHIIEM O3HAYalOT COOTBETCTBEHHO «abeneBa
rpymnmna 0e3 Kpy4eHHs» U «acCOLIMATUBHOE KOJBIOY.

YmHoxeHueM Ha rpynne G HaszwiBaetcsa roMmomopdusm G &®G — G, npu 3TOM HacTo

Oynem o6osHayath u(g®Q)=0,x0, a1 0,,0,€G. I'pynma G ¢ 3agaHHBIM Ha Heil
YMHOKEHUEM X Ha3bIBAaeTCs KOJbIIOM Ha rpynne G, 3T1o Kojibo obo3Hadaercs (G,x), ero
pamukan Jxekoocona - J(G,x).

[Tycte G = A® B,(G,x) - kombio. OnpenenuM yMHOKCHHE Ha A CICIYIONIMM 00pa3oM:
a, x,a, =m,(a xa,) m Bcex a,a, € A. byaem Ha3bIBaTh X, YMHOXXEHHEM, HHIYIIHPOBAHHBIM
Ha A yMHOXEHHUEM X .

[IpuBenem 6e3 moOKa3aTenbCcTBA JBE JEMMBI, KOTOPBIE MCIIOJIB3YIOTCS MPU J0Ka3aTeIbCTBE
TeopeM 3 u 4.

Jlemmal. Tlyetb G =A®B,(Gx)— xomberio, B - wugean xompma (G,x). Torna
1) (G/Bx)=(Ax,).2) J(Gx)cJ(Ax,)®B. 3) Ecim B - kBasuperymspHbeIii upaean, TO
J(Gx) =J(Ax)® B. 4) Ecim K — naean konbia (G,x), to 7, (K) - maean xonbua (Ax,).

Jlemma 2. Tlyctb G =A@ B- mpsmas cymma rpymm, (G,x) — xomeio Ha G, B -
noayrpoctoit uaean konbia (G,x) ¢ enunureit €. Torma J(G,x) ={a—ax e|a eJ(Ax,)}.
[Tycte D — pmenmmmas rpymma koHeuHoro panra u (D,x) - xombmo Ha Hel. [1o ocHOBHOM

teopeme BemmepOepHa o cenmapabenbHBIX KOHEUYHOMEPHBIX ajreOpax CyIIecTBYET pa3jioKeHHe
(D,x)=S®N BektopHoro mpocrpanctBa (D,x) B IpsMyl0 CyMMy BEKTOPHBIX MPOCTPAHCTB.

3neck S — momympocTas noganredpa ¢ equHuIei B anredbpe D, a N — pagukan D, obGs3arensHO
HUJIBITIOTEHTHBIA. DTH 0003HaYeHUS Oy/IeM MCITOIh30BaTh B JIaJbHEHIIIEM.

Teopema 3. Ilyctb G = A®@ D — mnpsmas cymma penylUpOBaHHOM rpynmnbl A U JeIuMoi
rpynnel D konewnoro panra. Ilycte (G,x) — xompmo u jiusa uaeana (D,x) ummeer mecto

pasnokenne (D,x)=S@® N . Ilycts € — emunuma momanreoper S, B={a—ax e|a e J(Ax,)}.
Torma J(G,x)=B+N.

Hoxazamenvcmeo. Tak xak N =J(D,x), to N=J(Gx)nD wu, cienoBarenbho, N -—
HWIBNOTEHTHBIH wuaean koibhna (G,x). 3naunt, J(Gx)=J(ADSX,.s)®N mo nemme 1.
Herpynuo Buners, uto (S, ,es) = (S,x) — momynpocroii unean konsia (A® S,x,.s) ¢ equHULEH

e. CuenmoBatenbHo, J(A®DSx,o5)={a—ax,p¢ e|a €J(Ax,)} mo umemme 2, oTKynma
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J(GxXx)=B+N.

Teopema 4. Ilycte G =A@ D — npsMas cymma peayliupoBaHHON Ipynnbl A U JenuMoi
rpynnsl D koHewyHoro panra. I'pynna G sBisieTcsl MOMXyOpOCTONW TOrAa W TOJIBKO TOTJA, KOTAa
MIOJIYTIPOCTOM siBisieTcs rpynna A.

Jlokazamenvbcmeo. Eciin A — moJsiynpocTasi Tpynia, TO CYIIECTBYET MOIYNPOCTOE KOJbIIO
(Ax), onpenenum koibio (D,x) Kak mpsIMyI0 TpyIIy MMOJICH, H30MOP(HBIX MO0 PAIIHOHATBHBIX

yucen. Omnpenensst koipno (G,x) Kak NpsMyl0 cymMMy moilynpocTeix uueaioB (Ax) @ (D,x),
HOJIYYHM ITOJYIPOCTOE KOIbIo G .
O0parHo, eciu Ha G cymectByer nonynpocroe koibio (G,x), To B Hem uupean (D,x)

SBISIETCS TONMynpocThiM. CremoBatenbHO, B paznokeHun (D,x)=S@® N wugean N sBisercs
uyaesbiM. 3Haunt, J(G,x) ={a—ax e|a € J(Ax,)}=0 B cuny nemmsl 1, Tae € — eauHHUIA HcaNa

D =S. Tak xak axe e D s moboro a € A, To u3 paBeHcTBa a—axe =0 cuenyet, uto a=0.
Takum obpazom, nomydaem, uro J(A,x,) =0 u, cnenoBarensHoO, rpymna A IOIyHpocTa.

Jlns ommcaHusl TMONYHPOCTBIX TPYII B CiIy4yae, KOrja paHr M ee AeNMMOMl 4acTu
OCCKOHEYCH, BBEJEM IMOHATHE M -MOJYyNpOCTOM Tpymmel. ['pynmy A HazoBeM M -TIOJYMPOCTOMH,
eciIM Ha Hell MOKHO OIPEJIEUTh KOJBI0, B KOTOPOM CYIIECTBYET TONYIPOCTOl uiaean A™ Takoif,
uTo (axTop-kombo A/A” BKIambIBaeTCA B KAauecTBE MOAKONbIA B IPSAMOE MPOU3BEICHHE HE
Oozee, ueM M KkoJer 0e3 KpydeHHUs, paHT KaKIOro M3 KOTOPBHIX HE MmpeBocxoauT M. M3 storo
OTIpesieNICHUs CJIETYET, YTO M -TMOJIYIPOCTHIMHU SBIISIOTCS, B YACTHOCTH, BCE TPYIIIBI, PAaHT KOTOPBIX
He Gonee 2™,

Jlemma 5. Tlyctb G =A@ D, rne A — penyuupoBanHa rpynmna, D — nmenumas rpymnma
6eckoneuyHoro panra m. Ecnou rpynna G momympocra, To rpymnmna A sSBIsSETCS M -MOJIYIPOCTOM.
Hoxazamenvcmeo. Ilycts (G,x) — moaympocToe Koibio. 3amuiieM rpynny D B Bumge

D =@Qe,, rne |I| =m, Q — noJse pauMOHANBHBIX yncell, €, € D.
iel
Paccmorpum  oroOpaxkenne ¢ :G — D, onpenensemoe cnemyromuM  o6pasom:
m

@(9) = (g x€),.,. O6osnaunm A" = Kergp. Herpyano Bunets, uto A" = Ann D u A" sBrsercs
uneanom kombia (G,x). Tak kak (D,x) — unean nmomymnpocroro konsna (G,x), ro (D,x) momympoct
u, cnenoBareipHo, A" "D =0. Be3 MOTEepU OOITHOCTH MOKHO CUHTATh, YTO A coliepkuTCcs B A.
Ouepunno, A” — unean koibia (G,x), a, 3HauuT, u koabla (Ax,). B chily IOIynpoCcTOTH KONbIa
(G,x) unean A" sBiseTCs HOIYTIPOCTHIM.

Jnst  mpoumsBonbHOro i € | paccmorpum  otobpaxenue ¢, :G — D, onpenensiemoe
cuenyromumM oopasom @, () = g x €, . Jlerko Bunets, uto Kerp, = Annge, u |G/ Annge, |[<|D|=m.

PaccmoTtpuM Temeps moarpynnsl - G, = Annge, + (Annge,)xG u Gi - CEPBAaHTHYIO
noarpynmy, nopoxzaeHnyto G;. Tax xak Annge, — neBbiii mpean (G,x), to G, sBusercs
JIBYCTOPOHHUM HJIaJIOM 3TOTrO Koiblla. HeTpyaHo BuUIeTh, 4YTO G_iTaK)Ke SIBJSICTCSL  MJICAJIOM
kosbia (G,x).

O6o3naunm D, :G_im D, torna G; = A @ D, nna Hekoropoil rpynmsl A, 1UIi KOTOPOii
A, N D =0. be3 norepu 00IIHOCTH MOXKHO CUUTaTh, 4T0 A C A.

I'pynna 4, =x, (G_,) SIBISICTCSL U7CAJIOM KOJIbIIa (A,x A) no semme 1 (4). Paccmorpum
(haKkTOP-KOJIBIIO (A/Ai,xA). Tak xak Annge, < Gi, 10O ‘G/C?i‘ <m. Jlna dakrop-rpymnsl G/G,

A/Ai|sm. Tak kak A ecTb

uMeeT MecTo usomopdusm, G/G, = A/ A @ D/D,, cnenopareibHo,
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TepecevyeHre MOATPYIIIT ainA, CepBaHTHBIX B rpymmne 6e3 kpydyenuss G, to A ceppantHa B G ,a
3HauWT, U B 4 . CnenoBarensHo, A/ A — KOIbIIO O€3 KpydeHHs..
Paccmotpum tenepsr otoOpaxkeHue o @ A — Hiel A/l A, ipu KoTOpOM a(a) = (a + A )iel JUTS

moboro ae€ A. HerpymHo BuIETh, YTO JTO OTOOpaXEHHE SBISETCS ToMOMOp(H3IMOM
KOJ‘IBHa(A,XA) B INpsIMOE IPOU3BEJCHUE Hie,(A/Ai,xA) KoJIel| (A/Ai,xA), Ker a =, A u

A =A".Tlycts ae A" = AnngD. Torga mns

iel

Im(ﬂA,A )= Al A ms Beex i € |. Tlokaxewm, uro [,
mo6oro iel umeem ae Annge, un ae A, sHaunt, ac G, (VA= A . Cnenosatensho, a =), A,

A, . Mokaxem obpatHoe BKiItoueHue. ITycth a =),

iel

orkyma A" <) A, deD unyers iel.

iel
DnemeHT a mpeactaBuM B Bune a =, (C, + f, xg;), rme r, € Q,c; f, € Anne,, g, € G. O603HauNM

I
F=@Qe;. Torna axd=rcxd+rfx(g;xd)eF anms moboro deD. B cury
i#]
IPOM3BOJIBHOCTU MHAEKca | € | momyuaem, uto axd e(), F =0. Cunenosarensno, ac€ A" u
r]iel AI = A* '

Takum obpazom, Kera =(),,, A = A" u ¢akrop-konsuo (A/A"x,)BIOKHMO B HpsIMOE

iel
npousBeneHue kouer 6e3 kpydenust (A/ A ,x,), MOIIHOCTh Ka)XI0T0 M3 KOTOPBIX He Oonee M. Tak

kak A" — moiympoctoii uaean kombua (Ax,), To A sBISETCS M -TOIYIPOCTOM IPYIIIOIL.

Jlemma 6. Ilycte G =A@ B,rne D — nenmmas rpynma OeckoHeyHOro panra m, A —
IpyIa, paHr KoTopoi He Oonbine, uem M. [Iycth Ha rpymme A ompenerneHo konbio (A,x). Torma
KOJIBIO (A,X) MOXET OBITh BIIOKEHO KaK MOAKOJBIO B KOJBIO (G,X), Ui KOTOPOTO BBITOTHSIOTCS
cnenyrome ycnoBust: 1) D — momympocroit umean koibia (G,x); 2) mans 1000r0 HEHYJIEBOTO
anemenTa g € G cymectByet anement d € D Takoii, uro g xd # 0.

Hoxazamenvcmeo. Konbuo (A,x) BKIAIbIBACTCS B KOJBIIO (z\,x) Ha JIeTUMOi 0Gomouke A

rpynnsl - A, Ilycts K:@jeJQaj,D:@ie,Qei,|J|£m,|l|:m, U ajan:ers(t)at;ma

jed
MPOU3BOJILHBIX |,S € J (rj €Qu r,’ =0 mourm st Beex t e J).

I[Iycte K — HekoTOpoe MHOXKECTBO HUHAEKCOB MomHoctd M, W — MHOXecTBO
accoruaTHBHBIX cioB B andasure {X,Y, | J€J,ke K}, He comepxammx mNOACIOB BHAA

XjX,(J,s€J),nmyers F=0®,,, Qw.
Paccmorpum anrebpy (F,) mag Q, ompemenmB mnst moObix W,,W, e W mpousBeneHne
W, - W, KaK pe3yJIbTaT MPUITUCHIBAHUS CJI0BAa W, K CIIOBY W, cnpaBa ¥ 3aMCHBI B TIOJTyY€HHOM CJIOBE

NOJIC/IOBA BUJA X;X; (€CIM OHO €CTh) Ha DBJIEMEHT Z Xt(j,SeJ). Anreopa (F,)

jed s
uzomoppna  dakrop-anrebpe  anrebper  Q[X;,Y,], TMOpoNIEHHON ~ MHOXECTBOM  BCEX

acconmatuBHbIX cnios B andasure {X;, Y, | j € J,k € K}, mo nneany, nopoxaeHnomy MHOXKECTBOM

D% - X, 1% s ).

Iycts W — MHOXECTBO aCCOLMATHBHBIX CII0B 13 W , COZIepKAIIIX XOTS ObI OHO MOLCIOBO
Buma Y, (k € K). OgeBnmHO, MOIIHOCTH W paBHa M. 3aHymMepyeM CJI0Ba MHOKECTBa W

uHzexcamn u3 | 1W ={w, |i € I}. Torna rpynny F 3anucars B Bune F =@, ;Qx; ®®;_, Qw;.
OtobOpaxenue ¢ F — A® D, npu KOTOpoM p(x))=a;;0(w,)=¢(jeJ,iel) assercs

nzoMopusmMoM aanuTuBHBIX Tpymm. CrenoBatenbHo, Ha rpynne A® D moxHO ompenenutsb
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kombo (A® D) Tak, 4ro @ craHoButcs u3omopdmsmom komernr (F,)m (A® D). Kak
HETPYIHO BHETh, (A,x)COBMAAET C 3adaHHBIM KoyibiloM Ha A, a D — wuaean xombua (G,x),
n3oMopdusrit npeany (®,, Qw,,) xomsua (F,).

Hokaxem, 4to konbuo (@ QW,,-) momynpocro. Ilycts a =1, w, +--+r, W, € J(D;_, Qw;,),
e f,..f€ Q;Wil,...,Win— pa3uyHbBIE CJIOBa U3 W, Homyctum, a=#0. Ilycts o+ Ou
I(w,) <...<I(W, ), tne I(w,) — nmna cosa W, .

3adukcupyem MPOU3BOIbHBIN WHJICKC ke Knu paccMoTpuM 3JIEMEHT
ay,=nrw +..+6rw , e W =w, -y, (t=1..,n). OueBunno, a-y, — TaKKe HEHYNEBOH
onement  J(D;,Qw,,). CnenosarensHo, cymecTyer oneMeHT b=s, W, +..+s; W; #0
(Sh""sim eQ,Wh,...,ij €W) takoi, 4To

a-y +b-a-y -b=0. (1)

Hycrs s; #0n I(w; ) <...<I(w, ). Pasencrso (1) nepenuuiem B Bue

! ! 1 ] _
LW+ 0 W +S; W, +..+8 W, —Fs,W; W, —..—rs; W, w; =0 (2)
Hockombky W, =W, -y, , to I(W; -w; )=I(W; )+I(w,; ). Cnenosarensno, cpemu cnos

JIEBOM YacTh paBeHCTBA (2) WiMHA cioBa W' -W; MakcumaibHa. Tak Kak CloBO W' OTIMYHO OT

cimoB W' ,...,W , TO CPeIH BCEX ClaracMbIX JICBOM YacTH PaBCHCTBA (2) HET CJAraeMbIX C
OykBeHHOM yacTbio W', -W, . ITosromy u3 (2) caenyer, 4ro I, s; =0, 4T0 mpOTHBOPEYUT BBIOOPY
gucen I, us; . 3uauntr, a=0, orkyma J(@PQw,,)=0. Takum oOpasom, uaean(D,x)konbua
iel
(G,x), m3omopdubIi Konbiy (P QW;,-) momympocr.
iel
JlokaxkeM, 4TO BBITIOJHsAETCS ycioBue 2). Eciau mpousBoiibHBIN 3meMeHT a kodbia (F,)

OTJIMYEH OT HyJIsA, TO &-Y, — HeHyJeBoH snemeHT muacana (PQWw;,). Tak xak xombno (G,x)
iel

nzoMopdHo monkosbily komena (F,) To mis moboro HeHyneBoro anemeHta ¢ konbia (G,x)
cymectByer snemeHT d uaeana (D,x) Tako#, yro g xd = 0.

CoopmynupyeM JiBe JIEMMBI, KOTOPBIE MOKHO JI0Ka3aTh, HCIOJIb3YS JIEMMY 6.

Jlemma 7. Ilyctb G = A+ D rne D — nenumas rpynma 6eckoHeuHoro panra m. Ilycts Ha
A cymiectByeT Koblo (A,X) KOTOpOE BIOKEHO B Ka4eCTBE IMOJKOJIbIA B TPSMOE MPOU3BEICHHE
He Oosiee, YeM M KOJICIl, PaHT KaXXJA0Tro U3 KOTOphIX He Oombime M. Torga xonbmo (A,x) MOXeET
OBITh BJIO’KEHO KaK MOJKOJIBIIO B MOIyIpocToe Koiblo (G,Xx).

Jlemma 8. Tlyctb G=A® D, D — genumas rpynma GeCKOHEUYHOTo paHra m, A — m-
nonymnpoctas rpynmna. Torga rpynna G momympocra.
Cnenyroniasi TeopemMa BISIETCS CICICTBUEM JIEMM S U 8.

Teopema 9. Ilyctb G = A® D, rne D — nenumas rpynna 0eckoHeyHoro panra m. I'pynmna
G mousynpocTta Torja v TOJIbKO TOTJa, Koraa A sIBIseTcss M -MOJyIpOCTON IPYNION.

Cnedcmeue 10. Ilycte G =A@ D, rne D — genumas rpynna GeCKOHEUHOTo paHra M u

panr rpymisl A He npeBocxomut 2™ . Torma rpynmna G sBISIETCS MOTYIIPOCTOI.
Lokazamenvcmeo. YTBEpKIECHUE CIEICTBUS BBITEKAET U3 TOTO, YTO €CJIM PaHr rpynmsl A
He npeBocxoaut 2™, To A SABISETCS M -IOIYIPOCTOM. JIeHCTBUTENBHO, HA A MOXKHO OIPEIEIIUTh
KOJIBLIO C HYJICBBIM YMHO>KEHHEM, KOTOPOE SBJISIETCS TOJKOJBIIOM KOJIbLIA HAa JeIUMOi 000JI0uKe
rpynnsl - A. IlocnenHee Konbllo, B CBOIO OdYepedb, MOXHO paccMaTpuUBaTh Kak MpsAMOe
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MPOU3BEICHUE M JEIUMBIX KOJIEI[ C HYJE€BbIM YMHOKEHHUEM, PAHT KaXJA0ro UX KOTOPBIX paBeH 1.
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ADDITIVE GROUPS OF ASSOCIATIVE RINGS
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An abelian group is said to be semisimple if it is an additive group of at least one semisimple
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reduced groups. As a consequence, it is shown that a torsion free abelian group is semisimple if the rank of
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