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Paborta siBisieTcst MPOOIDKEHNEM HMCCIE0BaHNMs, HAYaTOro B MPEIIIECTBYIONIMX paboTax aBTOpoB. B HacTosimee Bpemst Teopus
HEJIMHEWHBIX BOJIH HEpEeXHUBAaeT OypHOE Pa3BUTHE, M €€ PEe3yJbTaThl HAXOAAT MHOTOYHCIICHHBIC MPAKTUYECKHE MPUMEHEHHUS.
MO’KHO YHOMSIHYTH HalpaBJCHHE, CBI3aHHOE C U3y4EHHEM BO3HMKHOBEHHS M HBOJIOLMH YAAPHBIX BOJH, YEAMHEHHBIC BOJHBI,
KUHKH, TIEPHOIYECKHE U KBA3UTIEPUOANUECKUE KojieOaHus (HarpuMep — KHOMAAIbHbIE BOJIHBI) U MHOTOE Jipyroe. B aToMm psamy
MaJION3YUEHHBIMU OCTAOTCS BOIPOCHI C IBIXKEHUEM COJIMTOHOB B HEOJJHOPOIHOM Cpeie; B HACTOSILEH CTaThe paccMaTpUBaeTCs
BOMPOC O MpOCTEHIIEN MOJENTN TaKOH CPebl: CIIOMCTO-HEOHOPOAHOM. PaccmarpuBaeTcs noBeieHUe peleHnid TUIa OJUHOYHON
BOJIHBI U1t ypaBHeHus: KnB-broprepca npy pasinaHbIX BUIAX ANCCHIIATUBHON HEOJHOPOAHOCTH cpeibl. B pabote nccnenoBaHb!
pazHoOoOpa3Hble BUIBI (PMHUTHBIX TPEISITCTBHI, a TAaloKe Mepexoi U3 AUCCHIIATUBHOM cpebl B cBOOOMHYIO. [lomydens! yncies-
HBIe MOJIEJIN TIOBEJICHUS! pellieHust. MoienpoBaHye TpOBOANIIOCH TIPY TIOMOIIM MaTeMaTHIeCKo# mporpamMmbl Maple ¢ ucmons-
3oBanmneM nakera PDETools. PaccMoTpeHHbIe 3a1aui BBIYUCIUTENBHO OYCHb TPYIOEMKH M TPeOYIOT OOJIBIIHX 3aTpaT MallnHHO-
ro BpemeHn. Oco00 MHTEpeceH CITydail yBENMYeHHS BBICOTHI TIPEIITCTBIS IPH COXpaHEHUH MHPHUHBL. [Ipy aHamm3e 9icIeHHbIX
9KCIEPHMEHTOB HAOIIOAACTCS HEOXKUIAHHBIN 3((EKT yBEIMIEHUs BHICOTHI BOJIHBI IIPH YBEJIMYEHUH BBICOTHI MPETIITCTBHS, UTO
MOJKET SIBJISITBCS IPEAMETOM JAITBHEHINETO NCCIeN0BaHus. BMecTe ¢ 3TUM NpH YBEINUYEHUH BBICOTHI MPETISITCTBHS YBEITMINBACT-
cs1 pabb, Oerymias Buepean BoaHbL. OTMETHM, UTO B PEABIIYIINX paboTax aBTOPOB ObLIA OMMMCAHA IPYTasi CHTYaIHsI, CBSI3aHHAS C
BO3HUKHOBCHHUEM pf{6I/I. Ecin xe TIpr COXpPAaHCHUU BbICOTHI MPEMATCTBHA CHOBA YBCJIMYUM HIMPHUHY, TO OKHUIAEMO Ha6HIOI[aeTC5I
CYILIECTBEHHOE YMEHBIIICHHE aMIUTUTY/ Il BOJIHBI, YTO IPOJJIEMOHCTPHPOBAHO Ha MOJIENIbHBIX rpadukax. Taxum oOpasom, B pabote,
I/IMCIOIJ_[eﬁ 3KCHCpPIMCHTaIlBHBIﬁ XapaxkTep, MpOACMOHCTPHUPOBAHLI HOBBIC MHTCPECHBIC CBOMCTBa JOBHXKCHUSI KBA3UCOJIMTOHOB B
3aBHCHMOCTH OT BH/Ia ¥ pa3Mepa ANCCHIIaTUBHBIX MPENSTCTBUH Ha OCHOBE YHCIEHHOTO MOJIEIIMPOBAHHSI.

KaroueBbie ciioBa: YpaBHCHUC KL[B—BIOprepca, COJIMTOH, HCOAHOPOJHAs AUCCHUIIaTUBHAA Cpeaa.

BBEJEHUE

B HacTosmiee BpeMs TeopHs HETMHEWHBIX BOJIH NEPEXKHUBAET OypHOE pPa3BUTUE, U €€ pe3yJbTa-
Thl HaXOJAT MHOTOUYMCIICHHBIE NMPAKTUYECKUE NMPUMEHEHUs. MOXXHO YNOMSHYTh HallpaBJIEHUE, CBS-
3aHHOE C U3YYECHHEM BO3HUKHOBEHHUS M 3BOJIIOLMM YIapHbIX BOJH [2—4, 10—12], yeAMHEHHbIE BOJIHBI
[1, 5], KUHKM, TEPHOAMYECKUE U KBa3UIIEPHOANYECKHE KoJieOaHus (HarpuMep — KHOUJAIbHbIC BOJIHBI
[6—8]) m MHOTOE ApyTrOe. B 3TOM psigy Mallon3y4eHHBIMH OCTAIOTCS BOTIPOCHI, CBS3aHHBIC C JIBHIKCHH-
€M COJIMTOHOB B HEOJAHOPOJHOM cpefie. B HacToslen craTbe paccMaTpUBAaEeTCs BOIIPOC O MPOCTEHIIECH
MOJIETU TaKOM CpeJibl: CIIOMCTO-HEOJHOPOIHOM.

Bynewm paccmatpuBats ypaBHeHue Kopresera — ne @pusa — broprepca (KaB-b)

o2
u, =&u+2uu_+Au

xxx 2

OINMCHIBAIOLIEE BOJIHBI B cpefie ¢ aucnepcueit u quccunauuei. [lpu & =0 nuccunanusi oTCyTCTBYET U
nosryuuBleecs: ypasHenue Kopresera — ne ®@pusa

u, =2uu_+Au__
B KQUECTBE PEIICHHS AAET yeINHEHHBIC BOJIHBI (COJIUTOHBI).
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Ha puc. 1 nzo0pakeH KBa3HCOJIUTOH (COJIUTOH, CIIBUHYTHIN 1O BBICOTE), 3aJaHHBII (hopMyIIon
—0,375tanh’(0,25x+3,75)—0,25. Ko>ppuruent A B ypaBHEeHUH B3AT eauHuieil. [lepeMeHHYI0 X

paccMoTpesid Ha OTpE3Ke [—40;10]. [TogpoGHEe O MOHATUM COJMTOHOB M TMPHUHIIMIAX UX JABUKCHUS

cM. B pabore [1].
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Puc. 1. Conmuronnoe pemenne ypasaenus KnB-b Puc. 2. I'paduk ko3¢ duireHTa quccunanmum
Fig. 1. Soliton solution of the KdV-B equation Fig. 2. Graph of the dissipation coefficient

Llenpt0o HACTOSILErO MCCIEAOBAaHMS SIBISETCS W3y4YeHUE TOBEeJICHUs (KBa3M) COJMTOHOB,
KOTOpBIC TIPH JBIKCHUH TI0 HEITUCCUITATHBHON Cpele BCTPEYArOT (DMHUTHBIC MPEISITCTBUS C TTOCTOSTH-
HOM JIMCCUIIAllMe, pa3Hble IO BBICOTE M TONIIMHE, a TaKXKe MNepexo] BOJHBl W3 JAUCCUIATUBHON
cpeibl B HeIUCCUNAaTHBHYI. DU3MYECKH 3TO MOYKHO IPEACTaBUTh, KaK Jy4 CBETa, BCTPEYAIOIIMN Ha
CBOEM IIyTH YaCTMYHO MOIVIOLIAIOUIMN CIIOW pa3HON (OpMBI WIIM CBET, NPOOMBAIOIIUICS Yepe3 CTEKIIO
WM JIe]1.

[Ipennaraemast pabota sIBIsIeTCS MPOJOJDKEHUEM HCClIeIoBaHUNA aBTOpoB [2, 4, 5] u pabotsl [3].
Pacuets! BemomnHsch B cpene Maple ¢ ucnonszoBannem nakera PDETools.

Curyanus, Korja cHayajla JMCCUIIAllMK HET, a 3aT€M JHUCCUIIALU paBHA KOHCTAHTE, ONHCHIBA-
€TCsl ypaBHEHHEM

u, =0,3-(1+tanh(2x))-u  +2uu_+u_,.

B arom cirydae st muccunaruBHoro kodgdunuenta 0,3-(1+ tanh(2x)) (puc. 2) nmpu nmepexoze
yepe3 HOJMb MOJIy4YyaeM CMEHY Tulla ypaBHeHHs ¢ ypaBHeHMs KnB nHa ypaBHenue KnB — broprepca

(em. [5]).
Ha pI/IC. 3 ITOKAa3aHO IBUXKXCHHUEC KBA3MCOJIMTOHA HpI/I N3MCHCHHUHU THUIIA ypaBHeHI/IH JUIA cne;[yfo-
X Ha4YaJIbHO-IT'PAaHUYHBIX YCJ'IOBI/II\/'IZ

u(x,0) = 0,375 tanh?(0,25(~ + x) +3,75) ~ 0,25 _, ;
u(~20,¢) = —0,375 tanh?(0,25(—¢ + x) +3,75) - 0,25

x=-20"°
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x==-20"

1, (45,0)=0; 1, (-20,) =(~0,375tanh’ (0,25(~¢ +x) +3,75) —0,25)'

Jlo mpensTCTBUS KBAa3UCOJUTOH ABHXKETCS ClieBa HAIlpaBO, MPAKTUYECKU HE MEHAS (GOpMBI U
pa3Mepa. 3aTeM BOJIHA HAYMHAET HKCIIOHEHIIMATIBLHO 3aTyXaTh [5].

-10 0 3 10
Puc. 3. Pemenus npu t =15 x

n ot 10 7o 200 ¢ mrarom 10
Fig. 3. Solutions at t =5
and t = 10 to 200 by step 10

Puc. 4. I'paduk kodddunrenta nuccunanum
Fig. 4. Graph of the dissipation coefficient

3ABUCHUMOCTD BOJIHbBI _
OT PUHUTHBIX TUCCUITATUBHBLIX IMPEIIATCTBUU

PaccmoTpuM, Kak MEHs€TCs MOBEJCHHUE BOJHBI MOCE BCTPEUH ¢ (PUHUTHBIM JTUCCUIIATUBHBIM
MPEMSITCTBUEM B 3aBUCMOCTH OT IIMPUHBI U BBICOTHI ITPETISITCTBHSL.
Kak nokasaso B [5] 11s ypaBHEHUS

x+1  x-1
u, = - u +2uu +u
|x+1] |x-1]

+1 3 x—1
|x+1| |x—1]

C IMCCHUITaTUBHBIM K03 urimenTom (puc. 4) ¥ ¢ Ha4aIBHO-TPAHUYHBIMU YCIOBUSIMU

u(x,0) = 0,375 tanh(0,25(—¢ + x) +3,75) + 0,25/, _y;
u(=20,1) = 0,375 tanh(0,25(~¢ + x) +3,75) + 0,25],__y;

1,(200,6)=0; u,(-20,¢) =(0,375tanh*(0,25(~¢ +x) +3,75) +0, 25)

x==-20">

MOCJIe TIPOXOXKJICHHUS TIPETIATCTBUS BOJHA CHA4Yajla YMEHBINACT aMIUTMTYy, a 3aTeM MPOUCXOIHUT He-
00JIBINIOE €€ YBEIUYCHUE U CTAOMITU3AIIHS.
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Puc. 5. Pemenwust mpu t ot 5 10 50 ¢ marom 5
Fig. 5. Solutions at t =5 to 50 by step 5

Civil Aviation High Technologies

Puc. 6. Pemnenus pu t ot 5 10 50 ¢ marom 5
Solutions at t =5 from 5 to 50 with step 5

HN3meHum TCIICPb INNUPUHY AUCCUIIATUBHOI'O MPCTISATCTBHUA. I[J'IH YPaBHCHUS

x—5

u, = X+ u_+2uu_ +u
t |x+5| |x_5| XX X XXX

JIBUKEHHE BOJIHBI IIOKa3aHO Ha puc. 6, a I ypaBHEHHU MOKa3aHo Ha puc. 7. [IpocnexuBaercs sBHast
3aBUCUMOCTh CTEIICHH 3aTyXaHHsI BOJIHBI OT IIMPHUHBI PETSITCTBUS.

Puc. 7. Pemienust ipu t ot 5 10 50 ¢ warom 5
Fig. 7. Solutions at t =5 from 5 to 50 with step 5

Puc. 8. Pemenus mpu t ot 5 10 50 ¢ marom 5
Solutions at t =5 from 5 to 50 with step 5

x—10

x+10
u,= - U +2uu +u
|x+10| |x-10]

WHTepecen Taxke ciayyail yBEIMUYEHHUS BBICOTHI MPEMATCTBUS MPU COXPAHEHUU LIMPHUHBIL.
Ha puc. 8, 9, 10 npuBenens! rpaguku MoBeIeHUs BOJIH COOTBETCTBEHHO I CIEAYIOUIMX Tpex

YpaBHEHUN:
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u,=20- xrl  xl ‘U +2uu +u
[x+1] |x—1| i

xxx 2

xxx 2

u, =200- xrl  xl u +2uu +u
|x+1] [x-1]) ° '

2000 2 2l o s
[x+1]| |[x—1| '

Puc. 9. Pemrenns npu t ot 5 10 50 ¢ marom 5 Puc. 10. Pemenns nipu t o1 5 10 50 ¢ miarom 5
Fig. 9. Solutions at t = 5 from 5 to 50 with step 5 Fig. 10. Solutions at t =5 from 5 to 50 with step 5

Habmogaercst HeoxunanHbIi 3(GEKT yBEINYECHUS! BBICOTHI BOJHBI TPH YBEITUYECHUU BBICOTHI
MIPENATCTBUSL, YTO MOKET SABJIATHCS IPEAMETOM JaJbHEHIIEro MCCIeAoBaHus. Bmecre ¢ oTuM, npu
YBEJIMYEHUH BBICOTHI MTPETIATCTBHS yBEINUUBAETCS psi0b, Oerymas Brnepean BojaHbl. B pabote [5] Obuta
OIKCaHa JIpyras CUTyalusi, CBSI3aHHAs C BO3ZHUKHOBEHHEM psA0U. Ecnu e npu coXpaHEeHMH BBICOTHI
HPEIATCTBUS CHOBA YBEJIMUYUM HIMPHHY, TO 0KUAAEMO HAOJIOJAeTCs CYIECTBEHHOE YMEHbILIEHHE aM-
IUTUTY 1Bl BOJIHBI, YTO IPOJAEMOHCTPUPOBAHO Ha puc. 11, 12 cOOTBETCTBEHHO 17151 ypaBHEHUI

x+10 x—10

u, =20 _
|x+10| |x-10]

t

( x+5 x—5

- ‘U +2uu_ +u._.
|x+5] |x=5| J o oo

j-uxx+2uux +u ., U, =20-(

—_—

Puc. 11. Pemenus npu t ot 5 1o 50 ¢ marom 5 .Pnc. 12 PCL,HGHH’I Hli Mot 10 50 © Harom >
Fig. 11. Solutions at t = 5 from 5 to 50 with step 5 Fig. 12. Solutions at t =5 from 5 to 50 with step 5
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HHEPEXO/ N3 TUCCUIIATUBHOI'O CJI0A
B HEJUCCHUIIATUBHbIN

Tenepb paccMOTpUM clly4yall EPEX0/1a BOJIHBI U3 JUCCUIIATUBHOTO CJIOSI B HEMCCUITATUBHBIN.
Takyro cuTyaluio MOKHO ONIMCATh YPaBHEHUEM

u,=0,3-(1+tanh(-2x))-u_ +2uu_+u__.

HauanbHble ¥ rpaHUYHBIE YCIIOBUS TaKUE K€, KaK B IIPEbIIYIIEM IIyHKTE.

[Tocne BbIXOJa U3 TUCCUMATUBHOTO CJIOS AaMIUTUTY/1a BOJHBI HAUMHAET YBEIMYUBATHCS U OJHO-
BPEMEHHO C 3THUM yBEJIMYMBAETCs psiOb, Oerymias mepea BOJIHOM. JlaHHas cHUTyalus XOpOIIO MILTIO-
CTpPUPYETCs IPUBEICHHBIM IPUMEPOM B JIBA Pa3IMIHBIX MOMEHTA BpemeHu (puc. 13, 14).

X I
0 50 100 150 200 0 iID II‘)D llil) JII)D

-0.40

0454
-0.45

Puc. 13. Perenne npu t = 15 Puc. 14. Pemernue npu t = 100
Fig. 13. Solutions att= 15 Fig. 14. Solutions at t = 100

Takum o0pa3oMm, B paboTe NMPOAEMOHCTPUPOBAHBI HOBbIE MHTEPECHBIE CBOMCTBA ABM)KECHUSA
KBa3MCOJUTOHOB B 3aBUCHUMOCTHU OT BUJA U pa3Mepa TUCCUMIATUBHBIX MPETSATCTBUM.
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MODELLING OF THE KdV-BURGERS EQUATION SOLITARY WAVES
IN DISSIPATIVE NONHOMOGENEOUS MEDIA

Alexey V. Samokhin"?, Yuri I. Dementyev'
"Moscow State Technical University of Civil Aviation, Moscow, Russia
*Institute of Control Sciences of Russian Academy of Sciences, Moscow, Russia

ABSTRACT

The work is a continuation of the research begun in previous works of the authors. At present, the theory of nonlinear
waves is experiencing rapid development, and its results find numerous practical applications. One can mention the
direction associated with the study of the origin and evolution of shock waves, solitary waves, kinks, periodic and
quasiperiodic oscillations (for example, cnoidal waves) and many others. In this series, problems with the motion of
solitons in a nonhomogeneous medium remain insufficiently studied; in this paper we consider the simplest model of
such a medium: layered-inhomogeneous. The behavior of solutions of the single-wave type for the KdV-Burgers
equation at various dissipative medium nonhomogeneities is considered. Various kinds of finite obstacles, as well as
the transition from a dissipative medium to a free one are scrutinized. Numerical models of the solution behavior are
obtained. The simulation was carried out using the Maple mathematical program through the PDETools package. The
tasks considered in the paper are computationally-intensive and require a great deal of computer time. Of particular
interest is the case of increasing the height of the obstacle while maintaining its width. When analyzing numerical
experiments, the unexpected effect of increasing the wave height with increasing obstacle height is observed, and this
may be the subject of further research. Along with this, as the height of the obstacle increases, ripples run ahead of
the wave. It should be noted that in the previous work of the authors, another situation related to the appearance of a
ripple was described. If, however, when the height of the obstacle remains constant, we again increase the width, then
we observe an appreciable decrease in the wave amplitude, as demonstrated in the model charts. Thus, by this work
of an experimental nature some new interesting properties of quasi-soliton motion are demonstrated on the basis of
numerical simulation; they depend on the type and size of the dissipative obstacles.

Key words: Korteweg-de Vries-Burgers equation, soliton, nonhomogeneous dissipation medium.

120



Tom 21, Ne 02, 2018 Hayunblii Bectuuk MI'TY T'A
Vol. 21, No. 02, 2018 Civil Aviation High Technologies

REFERENCES

1. Ryskin N.M., Trubetskov D.I. Nelineiniye volny [Nonlinear waves]. A text-book for Higher
Educational Institutions. M.: Fizmatlit publ., 2000, 272 p. (in Russian)

2. Samokhin A.V. Resheniya uravneniya Burgersa s periodicheskim vozmuscshtniyem na
granitse [Solutions to the Burgers equation with periodic perturbation on boundary]. Scientific
Bulletin of the Moscow State Technical University of Civil Aviation, 2015, No. 220, pp. 82-87.
(in Russian)

3. Dubrovin B., Elaeva M. On critical behavior in nonlinear evolutionary PDEs with small
viscosity. Available at: https://arxiv.org/pdf/1301.7216v1.pdf (accessed 30.01.2013).

4. Dementyev Y.L, Samokhin A.V. Galilyeyevo-invariantniye resheniya uravneniya Burgersa
i nelineinaya superpostsiya udarnyh voln [Galilean symmetry invariant solutions to the KDV-Burgers
equation and the nonlinear superposition of shock waves]. Scientific Bulletin of the Moscow State
Technical University of Civil Aviation, 2016, No. 224, pp. 24-33. (in Russian)

5. Dementyev Y.I., Samokhin A.V. Modelirovaniye resheniy uravneniya Burgersa v neod-
norodnoy srede [Modelling solutions to the KDV-Burgers equation in the case of nonhomogeneous
dissipative media]. Scientific Bulletin of the Moscow State Technical University of Civil Aviation,
2017. vol. 20, no. 2, pp. 100—108. (in Russian)

6. Bleher P., Its A. Asymptotics of the partition function of a random matrix model //
Ann. Inst. Fourier (Grenoble), 2005, vol. 55, pp. 1943-2000.

7. Brézin E., Marinari E., Parisi G. A non-perturbative ambiguity free solution of a string
model., vol. 242, issue 1, 31 May 1990, pp. 35-38.

8. Claeys T., Grava T. Universality of the break-up profile for the KdV equation in the
small dispersion limit using the Riemann-Hilbert approach. Comm. Math. Phys, vol. 286, 2009,
pp- 979-1009.

9. Dedecker P., Tulczyjev W.M. Spectral sequences and the inverse problem of the calculus
of variations, in Differential Geometrical Methods in Mathematical Physics, Geometry, Topology, and
Mathematical Physics. Lecture Notes in Math. vol. 836. New York: Springer, 1980, pp. 498-503.

10. Dubrovin B. On universality of critical behavior in Hamiltonian PDEs. Amer. Math.
Soc.Transl., 2008, vol. 224, Providence, RI, pp. 59-109.

11. Bakholdin B. Non-dissipative and low-dissipative shocks with regular and stochastic struc-
tures in non-linear media with dispersion, in Proceedings of the IUTAM Symposium on Hamiltonian
Dynamics, Vortex Structures, Turbulence / eds. A.V. Borisov, V.V. Kozlov, [.S.Mamaev,
M.A. Sokolovskiy. IUTAM Bookseries 6. New York: Springer, 2008.

12. Bakholdin B., II’ichev A. Radiation and modulational instability described by the fifth or-
der Korteweg-DeVries equation, in Mathematical Problems in the Theory of Water Waves / eds.
F. Dias, J.-M. Ghidaglia, J.-C. Saut. Contemp. Math. Volume 200. AMS. Providence, RI, 1996.

INFORMATION ABOUT THE AUTHORS

Alexey V. Samokhin, Doctor of Technical Sciences, Professor of Higher Mathematics Chair,
Moscow State Technical University of Civil Aviation, a.samohin@mstuca.aero.

Yury I. Dementyev, Candidate of Physical and Mathematical Sciences, Associate Professor,
Head of Chair of Higher Mathematics, Moscow State Technical University of Civil Aviation,
ju.dementev(@mstuca.aero.

[MocTynuina B penaxkiuio 18.10.2017 Received 18.10.2017
[IpuHsTa B me4ath 14.03.2018 Accepted for publication 14.03.2018

121





