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IIpoBoauTCs aHanU3 NPUMEHMMOCTH METO/Ia «PYyYHOro» uHTerpupoBanus B.B. JIblyaruna k cuctemam JByX KBa3WJINHEH-
HBIX THIIepOOInYecKuX AU(depeHIManbHbIX yPaBHEHUH IEPBOTro NOPAAKA ¢ ABYMs HE3aBHCHMBIMH IIEPEeMEHHBIMH &, X U
JBYMsI Hen3BecTHbIMH (yHkumsmu U = u(t,x) u v = v(t, x). PaccmatpuBaeMble CHCTEMBI SIBJISIOTCSI YAaCTHBIM CIy4aeM
cucrem SkoOu, i kortopbix B.B. JIpiariHeIM OBUT NMPEJIOKEH aHATUTHYECKUH CIIOCO0 pellleHHs HadajlbHO-KpaeBOU
3agayn. KakqoMy M3 ypaBHEHHI CHCTEMBI CTaBHUTCS B COOTBeTCTBHE AuddepeHunansHas 2-gopmMa Ha 4eTHIPEXMEPHOM
npocTpaHcTBe. JTa mapa (opM OJHO3HAYHO ONpEACISeT MOJe JMHEHHBIX OIepaTopoB, KOTOPOE Ul THIEPOOINIECKUX
YpaBHEHUH MOPOKAAET CTPYKTYPY MOUTH IPOU3BENEHHSI. DTO 03HAYAET, YTO KacaTeIbHOE IIPOCTPAHCTBO YETHIPEXMEPHOTO
MIPOCTPAHCTBA B KAKAOHW TOUKE SBISIETCS MPSIMON CyMMOH IByMEPHBIX COOCTBEHHBIX IOJIIPOCTPAHCTB IAHHOTO OIIEepaTopa
U, TaKUM 00pa3oM, OIpeseNieHbl 1Ba ABYMEPHBIX pacipeaeneHus. Ecnu XoTst Obl 0HO M3 3THX pacHpeneseHui BIOTHE
HUHTETPUPYEMO, TO MOKHO IOCTPOUTH BEKTOPHOE I0JIE, CABUTH BAOJIb KOTOPOTO COXPAHSAIOT PEIIEHHE NCXOJHON CUCTEMBI
ypaBHeHHA. Takum 006pa3oM, penieHre HadalbHO-KPaeBOi 3a4a4n UI pacCCMaTPUBAEMON CHCTEMBI MOXKET OBITH MOJIYICHO
AHAJIMTUYECKU C TIOMOIIBIO CABUIAa HauyaabHOW KPUBOW BAOJb TPAEKTOPHUM JaHHOTO BEKTOPHOIO MoJjs. B kauecTBe npume-
pa paccMoTpeHa cuctemMa ypaBHeHUH bakmu — JleBeperTa, onmchIBaromas mpouecc HeMHHEWHOW OHOMEPHOH AByX(a3Ho#
¢unpTpanuu B nopucroii cpene. s nocrpoenus pemenus 3anaun Ko BeIOMpaeTcs KpuBas HAYaJIbHBIX JIAHHBIX; Tpa-
(uk pereHust cucteMbl bakau — JleBeperTa MoMy4aeTcsi CABUIOM 3TOW KPUBOK BIOJb TPACKTOPHIA BEKTOPHOTO MOJIS (3TO
BEKTOPHOE I10JIe OIIPEENICHO ¢ TOYHOCTBIO 10 YMHOXeHHs Ha (yHKmIo). CedeHns] KOMIIOHEHTHI 3TOTr0 Tpaduka It pas-
JIMYHBIX MOMEHTOB BPEMEHH IpEJICTaBIICHbI Ha pucyHke. Ha rpaduke BUIHO, 4YTO B KaKOH-TO MOMEHT BPEMEHHU pELICHUE
nepecraeTt ObITh OJIHO3HAYHBIM. B 3TOT MOMEHT y pelleHust MPOUCXOIUT Pa3pbiB U BO3HUKAET yAapHas BOJHA.

KaroueBble ciioBa: HUHTCTPUPYCMBIC pAaCIIPEACIICHUS, TCOPEMA CDpOGeHI/cha, FI/IHCP6OJ'H/I'IGCKI/I€ YpaBHCHUH.

I'MIIEPBOJINYHOCTD

PaccmorpuMm crnenyronryto cuctemy auddepeHIMaNbHBIX YpaBHEHUH TIEpBOTO  IOPSIKA
C JIByMs HE3aBHCHUMBIMH IEPEMCHHBIMH t,X W JIBYyMs HEM3BeCTHbIMH (yHKIusMH U = u(t,x) u
v =v(t, x):

{Alu_x + Blvx + Cl = 0, (1)
szx + Bzux + Cz == vt.

3nech A;, B;, C; —u3BecTHbIE PYHKUUH OT epeMeHHbIX X, U, V (i = 1,2). Bynem cuurars, uto
5T QyHKIMH Kitacca C™.

Cuctema (1) sBnsieTcs 4aCTHBIM citydaeM cucteM SkoOu, 1yt KoTopbix B.B. JIbraaruHbvM Obu1
MIPEAJIOKEH aHATUTHYECKHUH CTIOCO0 pellieHrs HavyaabHO-KpaeBo 3anaun [5] (cM. Takke [3]). Onummem
CyTh 3TOr'0 METOJIa IPUMEHUTENBHO K cucTemam Tuna (1).

Beenem npoctpanctBo N = R* ¢ koopaunaramu t, x, ug, vy 1 npoctpancteo M = R? ¢ koop-
nuHatami t, x. Ha npoctpancte N moctpouM ABe quddepeHiuaibabie 2-GpopMbl
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{0)1 = Aldt A duo + Bldt A dvo + Cldt A dx,
Wy, = Bzdt N duO + Azdt N dvo + Czdt A dx + dx FAN dvo.

C stumu nuddepeHuanbHeIMu GopMaMu CBsKeM AUddepeHnanbHbIe onepaTopsl
Ai: CI%OC(M) X CIOSC(M) - QZ (M) (l = 112)'
JICUCTBYIOIIKE 1O MPABUITY

Ai(u,v) = ‘Ui|ru,v (i=12).

3mech Cpg.(M) — KOJBIIO JIOKATBHO TAAKUX QYHKIHMIA HA M, T. e. GYHKIMH, ITaIKUX B CBOCH
o6nactu onpezenenus, Q2 (M) — moxyns nudpepeHuuanbHbIX 2-hopM Ha M,

Fu,v = {uo =u(t,x), vy = v(t, x)}

— rpaduk BekTop-¢pyHKIMU (U, V) U “)IFuv — orpanuveHnue auddepeHnnanbHon 2-GopMbl @ HA 3TOT
rpaduk. O6mactu onpeaencHus GYHKIUA U U UV TOJDKHBI COBMAAATS.

Teopema 1. Ilapa ¢yskumii (u,v) sBIseTCs pemieHHeM cucteMbl (1) Torma W TONBKO
TOrAa, Korma

Ai(w,v) =0, A,(u,v) = 0.

Beenem monsTtue runepGommunoctd st cucteM (1). Iycrs u € Q*(N) — ¢ukcupoBaHHas
muddepennmranbHas Gopma oobeMa Ha N, HarIpuUMep,

u=dt Adx Aduy A dv.

Jns mapsl nuddepenuuansubix 2-gopM @, f € Q?(N) omnpeneniM CUMMETPUYECKYIO OMIIH-
HEiHy10 popmy

q:Q2(N) x Q%(N) — C*(N)
CIIEAYIOIIM PAaBEHCTBOM:
aAp=q(apB)u.

Martpuna ['pamma 310i1 OunrHEHON GOpMBI UMEET BUA

0= <Q(a)1'w1) Q(wpwz))_

q(wz, 1) q(wz, w3)

Omnpenenenue 1. Cucrema nudpepeHnuanbHbix ypaBHeHuil (1) Ha3bIBaeTcs eunepboruyeckoll,
eciu det Q < 0 ans Bcex Touek mpoctpaHcTBa N.

Crnenyromias TeopeMa JaeT KpuTepuii ruriepooanaHoctu cuctem (1).

Teopema 2. Cuctema nuddepenunanbHeix ypaBHeHui (1) siBisiercs runepOoIMyecKoi Toraa
U TOJIBKO TOTJa, Korjna pyHkuus A, He oOpalaercs B HyJb.
B cnpaBennuBoCTH 3TOI TeOpeMbl MOKHO YOEIUThCS NPSMBIMU BBIYMCICHUAMU. Jlanee cuutaeM, 4yTo
YCIIOBHE THIIEPOOTMIHOCTH BBITTOTHSICTCS.
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XAPAKTEPUCTHUYECKHUE PACIIPEJEJIEHUSA
3ametuMm, uro auddepeHnuanbubie 2-QOpPMBI A W1 + AWy U Ay1W1 + Ayyw,, THAC
a;j — Gynkuuu Ha N, 171 KOTOpbIX Marpuua ||a; j||; j=1, HEBBIPOKIEHA, ONPEEIAIOT Ty JKE CAMyIO
cucreMy nuddepeHraIbHbIX ypaBHeHHH (1).
Takum oOpa3om, BMecTO 2-GpOopM w; M W, MOXKHO paccMaTrpuBaTh Iu(QepeHIraIbHbIe

2-popmbl, SBISIOUINECS UX TUHEHHBIMU KOMOMHAIMAMU. B yacTHOCTH, /U1 TUNIEpOOINYECKUX CUCTEM
KO3()(UIMEHTBI @;; MOKHO BBIOPATh TaK, YTOOBI BBITIOJIHAIMCH CJIEAYIONIME YCIOBHS:

wq AN Wy, = 0
Cl)l FAN (Ul == _(1)2 N Cl)z.
Hanpuwmep, cnenyromue nupdepeHnuansabie 2-hopMbl YIOBIECTBOPSIIOT STHM yCIOBHSIM:

w1 = (3B,C; — A, Cy)dt Adx + 2A;B,dt Adugy + (3B,B; — A1Ay)dt Advy — Ajdx A dvy,
W, = (ByC; + A1C)dt Adx + 2A1B,dt Aduy + (ByB; + A1Ay)dt Advy + Ajdx A dv,.

[Toctpoum none A JTHMHERHBIX ONepaTopoB Ha N, ONpeaesIuB €ro paBEHCTBOM
XJ(UZ = clq,Xle

311ech | — omepaTop BHYTPEHHETO YMHOMKEHHS, a X — NPOM3BOJIBLHOE BEKTOPHOE MOJIE HA MpO-
crpanctee R*. B Gasuce

MaTpHulia TOro JMHEHHOI 0 orepaTopa UMEET BU

1 0 0
B,B, — A4,A
222 1A 142 0 0
1
A = 2A261_BICZ 2& 1 2&
Aq Ay Ay
C,A, — C,B
\2% 0 -1
1

CoOcTBeHHbIE TOANPOCTPAHCTBA OIEepaTopa <A ONPEeAessIoT 1Ba IBYMEPHBIX paclpeieieHus
Ha npoctpanctee N: pacnpezenenue V', KoTopoe mopoxkaeHo Napoil BEKTOPHBIX MOJIEH

. 9 9
X" =4 Iy + (ByB; — A1A2)a + (CA; — C1Bz)a—v0
"
0
Yt =—
ou’

U pacnpeneneHue V-, mopoxIeHHOe apol BEKTOPHBIX I10JIEH
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X_ :—Bla-f‘clﬁ
0

Y—"=-4 a-l—C J
- Tax T touy

Onpenenenue 2. Pacripenenenus VY u V™ OyneM Ha3bIBATh Xapakmepucmu4eckumiu.

XapaKkTepuCTUYECKUE paclpesielieHuss 00JalaloT  OJHUM  3aMedaTelbHbIM  CBOWCTBOM:
KacaTelbHas IUIOCKOCTh B TOYKE @ K rpapuky pemenus I3, IepecekaeT Kakayl H3 Xapak-
tepuctrueckux ruiockocreit V*(a) u V7 (a). Ilosromy Ha rpaduke pEUIEHHS JI€KaT HHTe-
rpajbHbIE KDPUBBIE XapaKTEPUCTHUYECKUX PACHpPENEICHUA. OTH KPUBBIC HA3BIBAIOTCA Xapaxkmepu-
cmukamu. DTO HAOIIOACHUE JIGKUT B OCHOBE ONMCHIBAEMOIO METOJa AHATUTHUYECKOTO HHTET-
PUPOBaHUS.

A HMEHHO, JOMYCTHM, YTO OJHO M3 XapaKTEPUCTHUECKUX paclpeiescHuii, narnpumep, V¥,
BIIOJIHE MHTErpUpyeMO U KpuBas K JEKUT Ha HyJIEBOW MOBEPXHOCTH YPOBHS MHTErpasa pacipenese-
uus V*. Jns moctpoenus perienus, rpaguk KOTOpOro COAEPKUT KpUBYKO K, 10CTATOYHO MOCTPOUTH
BEKTOPHOE 10JIe Z U3 pacnpenesenus V™, TpaHCcBepcallbHOE KpUBOM HayallbHbIX AaHHBIX K, U CIBU-
HYTb 3Ty KPUBYIO BJOJIb €T0 TpaeKTopuil. B pe3ynpraTe caBura noiy4urcs NOBEPXHOCTh, KOTOpasl U
OyzaeT npeAcTaBiIsITh cO00M rpaduk HcKoMoro pemenus [3].

XapaKTepuCTUYECKUE  paCIpeNeieHusT MOXKHO Takke 3amath  AuddepeHnnanbHbIMHA
1-bopmamu

0 =M+1Blczdt+j—idx+ du+ﬁ—idv,
o = 2" dely Gy Py,

Ay Ay Ay

Teopema 3. 1. XapakrtepucTuueckoe pachpesencHue V' BrosHe MHTErpupyeMo Toraa u
TOJIBKO TOT/a, KOI/ia

aClAB +CA 95, caAlB Azacz_o
ou 1?2 1 5u L ou 2 You
ac, 94, ¢, 9B,

Ju AaB = Ghim = o BBy + 5 m Byl = 0.

2. XapaKTepHCTUYeCKOe pacrpejieicHue V'~ BIOJHE WHTETPUPYEMO TOT/Ia U TOJBKO TOTAA,
Korja JInoo

Alcz - BzCl = 0,
h19%(e10)

0By, M G _ 9B oA 3G
ax Y Tlox T ou ' You v Y Ttow o
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CripaBeATUBOCTH 3TOM TEOPEMBI CIIEAYET U3 YCIOBHIA MOIHOM HHTErpupyeMocT Opobdenunyca

{elixxez,i/\deli =0,
0 A0S Ad6f = 0.

TakuMm oOpasom, pemenue 3anadn Komm ans cuctemsl (1) MOXKET OBITH MOTYYEHO METOAOM
B.B. JIpiuaruna, eciiv BBIIOJHSIOTCS YCIOBUSA TEOPEMBI 3.

3amMeTuM, YTO NpH BbINoJHEHUH ycaoBus A;C, — B,C; = 0 B cucteme (1) ogHO U3 ypaBHEHUN
OKa3bIBAETCS HE CBSI3aHHBIM C JPYyrUM. To €cTh CUCTEMa paclajaercs Ha JiBa ypaBHeHHs. To ke camoe
CIIPaBEUIMBO M B CIIyYae MOJIHOM MHTErPUPYEMOCTH pacnpeesnenus V.

CUCTEMA BAKJIA - JIEBEPETTA

B xauecTBe mpumepa paccMoTpuM cucteMmy ypaBHeHui bakmu — Jleseperta [1, 2], onuckiBaro-

IYIO MMPOIIeCC OTHOMEPHOU NBYyX(a3Hoi GUIBTpalK B TOPUCTOU Cpee:
S¢ + G(S)H(S)pysy = 0,

H' H =0 @)

(8)PxSx + H(S)Pxx = 0.

31mech X — MPOCTPAHCTBEHHAs! KOOPAMHATA, t — BPEMs, S — BOJIOHACKHIIIEHHOCTh, TO €CTh OTHO-
CUTEIIBHBIN 00bEM 1O, 3aNI0JTHEHHBIX BOJIOH, P — NaBiieHue, G u H — 3amaHHbie QyHKIUH.
Benem o6o3HaveHus: u = p,, v = s. Cucrema (2) sSBJISIETCS YaCTHBIM cTy4daeM cucteMsl (1) mpu

Al = H(U), Bl = H,(U)u, Cl = 0, AZ = _G(U)H(U)u, BZ = 0, CZ = 0,
1 BMeCTO cucTeMsl (1) Oynem paccmaTpuBaTh CUCTEMY

{H(v)ux + H'(v)uv, =0, 3)

—G(w)H(W)uv, = v,.

VYcnoBue uHTErpUpyeMocTH pacnpeaesieHus V- Teopembl 3 BBIMOIHSAETCS ISl 3TOH CUCTEMBI,
u osTomy 3anava Komm st (2) MoxkeT ObITh perieHa metogoM B.B. JIpryaruna.
Ee xapakrepuctuueckue pacrpeaesieHus IOPOKICHbI BEKTOPHBIMH MOJISIMU

0 0 0
+. + + — =7
V. X 3 Y G(v)H(v)uax 5%
n
V-: X" =H'(®) g H()a y-=2
' - WG STy Cox

Brionne wuHTerpupyemoe pacnpeneneHue V- umeer ABa (PyHKIMOHAJIBHO HE3aBUCHUMBIX
UHTETpaia

11 = t, 12 = uH(v)
Nx OrpaHN4CHUsS Ha KPUBYIO

y=(x=0u=U00),v=V(1))
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UMEIOT BUJT
Ll, =t Ll =f() =HV@)U®).
Haiinem ¢ynkmuio F, Takyro, 4To
F(L1ly Il,) = 0.
DTOMY yCIIOBHUIO yIOBICTBOPSACT (PYHKIIHS
F(l,,I;) = I, — f(1y).

KpuBas y nexwur Ha rpaduxe pemenus [, ecnu orpaHudeHne QyHKIMH F Ha 3Ty KPUBYIO
pasHo Hymo: F|, = 0.

[Toctpoum BekTopHOE none Z Ha rpaduke [, ,, ”HTErpaabHbIC KPUBBIC KOTOPOTO SBISIIOTCS B TO
K€ BPEMsI MHTErPAIbHBIMK KPUBLIMHU pacrpeesenus V™

a f@) o

d
Z - G(v)H(v)ua + H(v) E

ot

OT0 BEKTOPHOE I0JI€ OMPEETICHO C TOYHOCTHIO JI0
YMHOXEHUS Ha (QYHKIIHIO.

Jns moctpoenus pemienus 3aaaun Ko Bo3sMeM
CJIEIyIOIIYIO0 KPUBYIO Ha4yaJbHBIX TaHHBIX:

K={t=0,u=Ux(x),v="Vee(x)}

I'padux pemenust cucremsl baknm — JleBeperra . :
MOJIYy4YaeTCsl CABUTOM 3TOM KPUBOW BIIOJb TPACKTOPUU Puc. 1. Ceuenus rpaduka pemenus

BEKTOpPHOro 1os Z. CedeHnss KOMIIOHEHTBI ¥ 3TOro Ipa- AJI1 pasIAIHBIX MOMEHTOB BPEMEHH

(uka 1y1st pasIMYHBIX MOMEHTOB BPEMEHH TIPEICTABIICHBI Fig. 1. Graph cut sets of a solution
for different time moments

Ha puc. 1.

Buanm, 4To B Kakoi-TO MOMEHT BPEMEHHM pEUICHHE IepecTaeT ObITh OJHO3HAYHBIM. B 3TOT
MOMEHT y pelIeHUs IPOUCXOUT pa3pblB U BO3ZHUKAET yaapHas BojHa [3, 4].

3AK/IIOYEHUE

PaccmoTpen kimacc cucTeM JABYX KBAa3WIIMHEHHBIX THIEPOOTUYECKUX TU(PepeHIHaTbHBIX
YPaBHEHUU IEPBOTO IOPsIKa C ABYMS HE3aBUCUMBIMHU IIEPEMEHHBIMU ¢, X U JIBYMs HEU3BECTHBIMU
byakmusavu U = u(t,x) u v = v(t,x) (BKIIOYAMIIANA NPAKTHYECKA BAXHYIO 33J1a4y (UIBTPAIUH),
JUISE KOTOPBIX paHee ObLI MPEIJIOKECH aHATUTHYCCKHHM Croco0 PEeleHUs HadyalbHO-KPacBOW 3a1aqyH.
O/HO3HAYHBIM 00pa30M OMPEENACTCS MOJIe JTMHEHHBIX OMEPAaTOPOB HA YETHIPEXMEPHOM MHOT000pa-
31U, KOTOPOE JIsl TUIEPOOIMYECKUX YpaBHEHUN MTOPOKIAAET CTPYKTYPY IMOYTH MPOU3BEIACHUS U Kaca-
TENIbHOE MPOCTPAHCTBO B KAKAOW TOYKE SIBISCTCS MPSIMOW CYMMOH JBYMEPHBIX COOCTBEHHBIX IOJI-
npocTtpaHcTB. Ecan XOoTst ObI OJJHO M3 3THX pacHpeiesicHHH BIOJIHE MHTEIPUPYEMO, TO MOKHO IO-
CTPOUTH BEKTOPHOE MOJIE, CIBUTH BOJb KOTOPOTO COXPAHSIOT PEIICHUE UCXOMHONW CHCTEMbI ypaBHE-
Huid. Pa300paHHbBIil TpUMep MOKa3bIBA€T, YTO aHAIMTHYECCKAs MpoIeaypa perieHus 3amxaun Korm
AACKBATHO OIIMCHIBACT BOSHUKHOBCHHEC YAAaPHBIX BOJIH.
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ABOUT ANALYTICAL METHOD
FOR SOLVING THE CAUCHY PROBLEM
OF TWO QUASILINEAR HYPERBOLIC EQUATIONS SYSTEM

Anton A. Gorinov'
!Institute of Control Sciences of Russian Academy of Sciences, Moscow, Russia
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Project Ne 15-08-08698

ABSTRACT

The applicability of the V. Lychagin "manual" integration method is analyzed with respect to systems of two quasilinear
hyperbolic differential equations of the first order with two independent variables t, x and two unknown functions u = u (t,
x) and v = v (t, X). The systems under consideration are a special case of Jacobi systems, for which V. Lychagin proposed
an analytical method for solving the initial-boundary value problem. Each of the equations of the system is associated with
a differential 2-form on four-dimensional space. This pair of forms uniquely determines the field of linear operators, which,
for hyperbolic equations, generates an almost product structure. This means that the tangent space of four-dimensional
space in each point is a direct sum of two-dimensional own-subspaces of the given operator and, thus, two 2-dimensional
distributions are defined. If at least one of these distributions is completely integrable, then it is possible to construct a vec-
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tor field along which shifts keep the solution of the original system of equations. Thus, the solution of the initial-boundary
value problem for the system under consideration can be obtained analytically by shifting the initial curve along the trajec-
tories of the given vector field. As an example, the Buckley-Leverett system of equations describing the process of nonline-
ar one-dimensional two-phase filtration in a porous medium is considered. To construct the solution of the Cauchy prob-
lem, a curve of the initial data is chosen; the solution of the Buckley-Leverett system is obtained by shifting this curve
along the trajectories of the vector field (this vector field is defined up to multiplication by a function). The cross-sections
of the components of this graph for different instants of time are brought in the figure. The graph shows that at some point
of time the solution stops being unambiguous. At this point, the solution breaks and a shock wave appears.

Key words: integrable distributions, Frobenius theorem, hyperbolic equations.
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