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For the current Lie algebra on the three-dimensional torus with non-standard Lie bracket some properties, in the
case when the sum of adjoint and coadjoint operators on infinite-dimensional Lie algebra with scalar product has a finite
norm are established. For the Landau-Lifshitz equation in the three-dimensional torus it is established that the operator

S, =(ad + ad” )/ 2 has a finite norm, though it is not true the operators of the adjoint action ad,, and coadjoint ac-

tion ad’:n . It follows that the coefficients of expansion of the solution in an orthonormal basis of eigenvectors of the La-

place operator satisfy Lipschitz conditions. Thus, for the Landau-Lifshitz equation on the three-dimensional torus situation
is similar to the equations of an ideal fluid and Korteweg de Vries. On the other hand, if for the equations of fluid dynamics
and Korteweg de Vries, this fact has been established in a general way, for the Landau-Lifshitz equation in the three-
dimensional torus it is obtained specifically through the calculation of structural constants and the matrix of the coadjoint
action for the current algebra with non-standard Lie bracket.
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INTRODUCTION

Let us denote the three-dimensional torus by T*. Denote by V (T?) the space of smooth vector
fields on T®. In the space V (T?) there exists the standard current algebra structure g(T>,s0(3)) , i.e.
the Lie algebra of vector fields on T* with the operation of the pointwise vector product:

(mxn)(x)=m(x)xn(x). (1)
Consider the Landau-Lifshitz equation on T?:

a—m=m><Am, (2)
ot

Here meV (T®) , A — Laplace operator on vector fields.

We can represent the Landau-Lifshitz equation as Euler equation in the current algebra but with
a non-standard Lie bracket [1-4] (see also [6—7] for the invariant approach methods used). For this we
fix a>0 and introduce the operator:

P,=—ald+A,

where 1d is the identity operator. The operator P, is invertible.
Let there be given in the space V (T*) a non-standard Lie bracket:

ad n=[m,n] =P, *(P,m x P,n) . (3)
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Define also the scalar product in V (T3):

<m,n>= [ (m(x),~P,(N)(x))dx. (4)
Denote by ad n the operator of coadjoint action in the sense of metric (4):
<ad; (u),v>=<u,ad_(v)>. 5)
According to [4] the operator of coadjoint action has the form:
ad; (n)=—P,ad, P, (n)=—P,mxn . (6)

Then the Landau-Lifshitz equation has the form of the Euler equation [4] on the current algebra
with Lie bracket (3) and scalar product (4).

%m: ad’ (m) . )

Introduce the operator
1 .
Sm:E(adm+adm). (8)

Construct the orthonormal basis of the Lie algebra V (T?) in the sense of the metric (4) using
eigenvectors of the operator P, :

o= (5,,5,,5,5)c08(kN), =

(k" +a) (kI +a)

Here ke Z®, i=123 A= L, k#0; A, = ;, 6;=1 if i=j, otherwise 0.
voI(T3) voI(T3) ’

For uniqueness it is convenient to represent an integer vector k= 0 (that is, the index of an el-

(811,5,5,5,.5)siN(kX), k %0, )

ement of basis (9)) in the form k=£(k)k, where the first non-zero coordinate of the vector K is posi-

tive and £(K) efl,—1}. We use notation [ZB]:{E| ke Z3\ {0}}=2°\{0} / {+1}.
Let m(t) be a solution of (7). Expand it to the orthonormal basis (9):

m(t)=z 9, (1) e+ Z(gk,i (e, +h,; (t) fy). (10)

ke[Z®].,i

According to [4], the Landau-Lifshitz equation implies the following equation for the coeffi-
cients of expansion (10):

hk,i

09

=—<Seik m, m >, =—<Sfki m,m>. (11)
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In [5] a class of infinite-dimensional Lie with scalar product has been introduced, for which the opera-
tor S, has a finite norm. This property has been established for the Lie algebra of divergence-free vector fields

on a compact Riemannian manifold (the configuration space of an ideal incompressible fluid); Lie algebra of
vector fields on a compact Riemannian manifold (the configuration space of an ideal compressible fluid);
Virasoro algebra (the configuration space of the Korteweg-de Vries equation). It follows that for the Euler so-
lutions’ expansion coefficients in the orthonormal basis of the Lie algebra satisfy Lipschitz conditions.

In this paper, this feature is established for the Landau-Lifshitz equation in the three-torus.

1. THE STRUCTURE PROPERTIES OF THE CURRENT ALGEBRA V (T?)
WITH A NON-STANDARD LIE BRACKET

To calculate the structure constants of Lie algebra V (T%) we fix i = j. Denote &, =(5,,,5,,,5,5).
It can be assumed that without loss of generality &, x §; = &, . It is convenient to introduce:

a/a+|k+l|2 P :./a+|k—||2_ 12)

O | == Pl
a+|l|2 a+|l|2

Using (3), (6) we see

ad, e/ =24, \/(a +|k|*)(@ +|II") P (cos kxcos Ix) 5, =

_ 2 2y 1] cos(k+1) o cos(k— I) _
- lkll\/(a+|k| @+ )2[a+|(k+l)|25 +a+|(k |)| J

J y A
=—— |k| € T eﬁ ;
2 ;{’k+lakl A Iﬂkl
i a-+|k°
ad’; e = 44, —||2cos kx cos x5, =
K a+|l

_ e far | 22 tPe  Afarlk o | (13)
> Aeafatlf Aas

:% (a+|k|2)(ﬂjfk’l e, + A1ﬂkl SJ

k

+

Further, we have

ad, 1) = 4.2y (a+ K )@+ IF) Py (coskxsin ) &, =

=i |k| 4 fo+ 4 ek-Df= [, ifk=I,
2 k+1k )1 k=1 Pkl kA
2
ad, fi=— % Jar k) -t t5;
“ 2 Ay i
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. g a+|k|2 _
adei 1:|J :/lk/ll —ZCOS kxsin Ix 58 =
‘ a+|l
(14)

A B 8(k_|)fks—l} if k=1,

A
:ﬁ (a+|k|2) 2% o —
2 A A

+ k%) j“ £2.

2
ad:s fks =?k (
k 2k

We have also

ad ' =A4,4/@+ )@+ I[') P (sinkxsinlx) 5, =
Ay 2 A s % s .
—J@+k") e — e |;
2 | | [ﬂ’kﬂak,l - A B k_']

. g +|k|2 _ _
adfi fIJ :j’kﬂ“l — - sSIn kXSInIXé'S =
‘ a+|||
(15)

A A '
_ A @+|k[") A% s Aha el
2 2 PR

k+1

And further,

ad e/ =—ad,, fl=
A A g(k—l)fks_l} if k1,

k 2 s
—= (a+|k| )(— fo, —
A Oy ! A1 B

5 1,
ad e/ :_7k,/(a+|k|2) —— i
2k **k,k

* i +|k|2 -
ad’ e =44, |—— sinkxcosIx o, =
‘ a+|l|
16)
A A (
A (@a+k/) ﬂfﬁﬁﬁe(k—l)f; if k=1,
2 /1k+| ﬂ’k—l k-l

+ k) jk'k £2 .

2
ad”, 1,1 = [(
‘ 2 2k

Remark 1. From the method of indexing elements of the basis (9) specified above, codes kK +1
in the formulas (13)—(16) for different vectors | provide different elements of [Z*], and therefore, they

correspond to different elements of the basis (9). To index k —1 one element se [Z®] may in certain
cases correspond to exactly two different vectors |, and, consequently, to two different elements of the
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basis (9). This is p033|ble if k—I,=k—1,=s€[Z°]; in this case denote |, =k—s. Then for
I, =k+s=l, we have k—|2 —s=s.
Denote
1 1
My = —— Viy =By ——— (17)
Ol ﬁkl

Using the formulas (13)—(16) we see that the operator (8) has the form:

A PN s A
SeikeH:Tk (@+k| )(/I_Iﬂmekn P Vklej

k-1
k+l k-1

5, i = ﬂk (a+|k| )(%yk,,fks+,—%vk,|f;_lj,ifk;tl;
+l -l

. (18)
Se,; fk] _£ (a+|k| ) ,Ukkfzk
. A .
Sf fl= ( /uklek+l+ I Vk"emj;
kfl
S _ﬂk (a+|k| )[ LI vty J if k =1,
: Z« 1
Sie = (a+|k| )%k Pk Fok
Then we transform the expressions for s ,,v, .
1 2(k, 1) +|k|”
My =0 — = > N
J@+lk+17) @+
1 2(k, 1) +|k|* 0
Vi =B — = 1

B _\/(a+|k —I|2)(a+|l|2) |

We obtain an asymptotic form of the formulas (20) at |I| > .

1 _ 1 _i_(k,l)ﬂ{ij

\/(a+|k+||2)(a+|||2) |'|2\/[1+2(|k2'|)+“(|2+ﬂ[1+TZJ
1 B 1 1 (k1)

\/(a+|k—||2)(a+|'|2)_|||2\/[1—2(Ik2’|)+“<|2+a}£1+a]_
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Hence
@R R D g Ly 20D K 206D 1
T T TR TR I o
kD), 20,1) K 2k, 1
vo(ty=—2kD K20 1,
[ f—1 i I

2., 1
Ve, = (—2(k,|)+|k| )+
(1 T

Note that for |k|<[I| we have 4 =4, =4, and also u,, =v,, =0. Therefore, we consider

the case k =0 for investigation of the asymptotic behavior (20). Denote

2
ﬂ,:—:ﬂ,’a = = ——
el R

We obtain the following asymptotic formulas

Se;elj:%\/(a+|k|2 {(akl+bkl+o(|| )ec +(=ag + b+ O( ))
Seif|j=%\/(a+|k|2 [(akl+bkl+o(|| ) e+ (@, — bk|+0( ))fks:

kaielj:%v(a+|k|2 [(akl+bkl+o(|| ) fea +(= akl+bkl+o( ))f::
kai fIJ%\/(a+|k|2)[(_ak| bkl+o(|| 5)) € + (= akl+bkl+0( ::

Proposision 1. The operators S ; ,S.; are compact in the sense of the L* -metric (4)

This follows from the formulas (21)—(22), Remark 1 and [6, p. 234]
in the sense of the L” -metric (4) are evaluated

J
J

Proposition 2. The norms of operators S ,S
k

as follows
8.5 |< 262 +2)|k|>\/(a+|k| 23)

To prove this, we estimate the components of (20)

|
2(k’7)
[

J@+k+1) Ja

2(k,1I) ‘S -
3

J@+k+17) @+’
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Note that |k+|| +|l | |k| +2|l | +2(k,1 >|k| +2| | B ) e
k[ Ik[* 2 . .
Consequently, we have < - <|k|,/= . Then we obtain the estima-
a1 ) (@) \/a|k| a
2

K
tions 4, |s Vi IS (2+\/§)—.
o o< 21
In conclusion, we use Remark 1 and the formulas (18), (19).
Corollary 1. The coefficients g,;(t), h;(t) of the expansion (10) in the orthonormal basis

(9) of a solution m(t) of Landau-Lifshitz equation satisfy Lipschitz condition with respect to t with
the Lipschitz constant:

@+
a

A2 +2)k)) Im@©)|” . (24)

Theorem 1. For any element m eV (T?) the operator S_ has a finite norm in the sense of

L? -metric (4).
Proof. Represent m in the form (10).

m= nge + Z(gklek_'-hklf) (25)

ke[Z3],i

Since the vector field m has class C™, then from the expansion properties of the Fourier series
[7] and the fact that elements of (9) differ from element of standard Fourier-basis multiplier of the order

1
—‘, we have that for any natural n there exist such C, >0, N > 0 that the following estimations hold:

k
\gk,Hhk,\_| T ke[Z°1.|k[=N, . (26)

It follows that

Ok, eli< ' hei fi

n |“ A2+ 2)|k|),/ﬂ .

Using (26) for n>6 we see that the series

Sm :Z 9o,i e0+ Z Sgk|9k+ hklfki)

i ke[Z3],i
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converges in the norm of the linear operator.
CONCLUSION

For the Landau-Lifshitz equation in the three-dimensional torus it is established that the opera-
tor S (8) has a finite norm, though it is not true the operators of the adjoint action ad,, and coadjoint

action ad; of the final regulations. It follows that the coefficients of expansion of the solution in an

orthonormal basis of eigenvectors of the Laplace operator satisfy Lipschitz conditions. Thus, for the
Landau-Lifshitz equation on the three-dimensional torus situation is similar to the equations of an ideal
fluid and Korteweg de Vries. On the other hand, if for the equations of fluid dynamics and Korteweg
de Vries, this fact has been established in a general way, for the Landau-Lifshitz equation in the three-
dimensional torus it is obtained specifically through the calculation of structural constants and the ma-
trix of the coadjoint action for the current algebra with non-standard Lie bracket.
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O CTPYKTYPE JIEMCTBUS KOIMIPUCOEJAUHEHHOI'O OITEPATOPA
HA AJITEBPE TOKOB TPEXMEPHOI'O TOPA

AM. Jlykankuii’
YUnemumym suepeemuueckux uccnedosanuii PAH, 2. Mockea, Poccus
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Jus anreOpsl JIn MOTOKOB HAa TPEXMEPHOM TOpE ¢ HeCTaHTApTHOW CKOOKOi JIM ycTaHOBIIEHBI HEKOTOPBIE CBOM-
CTBa, B CIIy4ae KOIJla CyMMa IPHCOEAUHEHHOIO U KOIPUCOEAUHEHHOr0 OIepaTopoB Ha OecKkoHeuHOMepHoH anredpe Jlu co
CKaJISIPHBIM TIPOU3BEICHUEM, UMEET KOHeuHyIo HopMy. TouHee, 11 ypaBHeHus Jlannay — JIngmuna Ha TpexMepHOM Tope

*
YCTaHOBIICHO, 4To omeparop S, = (ad, +ad; ) /2 umeer KOHeYHYIO HOPMY, XOTS ITO HE TaK ISl IPUCOCIUHEHHOTO Jeii-

ctBusi ad ¥ KONPUCOENMHEHHOIO NeHCTBUS adm. W3 3TOrO0 BBIBOAUTCS, YTO KOI(DGDUIMEHTH PA3JIOKEHUS PEIICHUS 110

OPTOHOPMHPOBAaHHOMY 0a3uCy COOCTBEHHBIX BEKTOPOB omepaTopa Jlamraca ymosiaeTBopstoT ycioBuro Jlummuma. Takum
obOpazoMm, mia ypaBHeHus Jlanmay — JInpmmna Ha TpexXMEpHOM TOpE CHUTyalllsi CXO0Xa C TaKOBOW Ui HICATBHOU
JKUAKOCTH U ypaBHeHUs Kopteera — ge @puza. C Apyroit CTOpOHBI, €CU AJs YpaBHEHUH THAPOAMHAMUKA M ypaBHEHUS
KoptBera — ne @puza Takoi ¢paxT OBUT yCTAaHOBICH B OOIIEM BHIE, TO Ui ypaBHeHus Jlannay — Jludmmuma Ha Tpexmep-
HOM TOpE 3TO BBIBEJICHO CIELUANBHBIM CIOCOOOM, Yepe3 BBIYMCICHUE CTPYKTYPHBIX KOHCTAHT M MaTpPHUIbl KOIPUCOEIH-
HEHHOTO JICHCTBHA Ha aJiredpe TOKOB C HECTaHIApTHOM ckoOKow JIu.

KaioueBble ciioBa: anredpa TokoB, ckoOka JIu, neficTBHE NPHCOEIUMHEHHOTO OIIEpaTopa, ONepaTop KONPUCOE M-
HEHHOTO JIEHCTBHA, TPEXMEPHBIN TOp, ypaBHeHHe Jlannay — Jludmmna, koMmakTHeIA oneparop, ycioBue Jlunmmna.
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